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Abstract: In the recent years a number of preconditioners have been applied to the linear systems, e.g,[1].[2].

In this paper, we present two new preconditioners ({ + /,) and (I + H;).We also provides some sufficient
conditions for convergence of the preconditioned Gauss-Seidel method for the Z-matrices. Numerical examples
show that the spectral radii of the new methods are better comparing with those preconditioners  + S,) and

I+ K.
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INTRODUCTION AND PRELIMINARIES

Let us consider the iterative methods for the solution
of the linear system

Ax=b, x, be R*” )

Where A =[] € R™. The basic iterative methed for
solving the linear system (1) is

My, =Mx, + 5 k=01,.. (2)

Where x, 18 an imitial vector, A=M-N and M 1is
nonsingular. Then (2) can also be written as

Moy = M"'Nx, + M5, k=01,

Where M N is called an iteration matrix of the iterative
method It is well known that the iterative method
converges to the exact solution of (1) for any initial vector
x, if and only if p(A™ N)<I1, where p(Af* N) denotes the
spectral radius of A7 N,

We now transform the original linear system (1) into

the preconditioned linear system
PAX =Pb 3)

Where P 18 called a preconditioner. Then the basic
iterative method for solving the linear system (3) 1s

PM =M,— N,and M, is nensingular. Clearly M, N, is an
iteration matrix of the iterative method (3).

In the recent years, many efforts have been done to
provide preconditioners, for example m 1997, H. Niki
suggested a preconditioner as P, = (I + S,) [1], Also in
2008,0Q.1iu represented preconditioner as Py = (I + Kj) for
H-matrices [2].

In this paper, we represent two preconditioners (a)
and (b). In (a) we have two diagonals above main diagonal
and in (b) two diagonals below the main diagonal.In
section3, we investigate sufficient conditions for
convergence of the preconditioned Gauss-Seidel method
when coefficient matrix be the Z-matrices. In the end by
numerical examples, we show that the spectral radius

derived by our preconditioned matrix works better.

Proposed Methods (a) and (b): without loss of generality,
let the matrix of the the linear system (1) be A=T-1. -],
where T is an identity matrix, . and U strictly lower and
Upper triangular matrices obtained from A, respectively.
(a) If ety # 0 & .y, # 0, then consider the preconditioned
linear system

Where
Prx’ = (I+Fc¢’)=Atx’ = (I+FW')A andbcc’ = (I+Fc¢’)b

With
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A, can be written as follows:
Aa':[az]]zﬁa’*ll_a'*ﬁa’ =(/-L *E*L_)*(U*Fa'+Fa'U):Moc’*Na'

Where 5 7. are the diagonal and strictly lower triangular parts of /7, L respectively. Also when

O G Gy O Gipp gy #1, 0 (=L2.n-1)
Then (M) exists and (M) = 0 for <’'<1. So it is Possible to define the Gauss-Seidel iteration matrix for 4, as:
Ty =(I-L-D-LY" (U-Fy +FyU)

Remark 2.1: The splitting 4, = M, — N (&' > 1) is not the regular splitting,because N, (e’ > 1) is not the nonnegative
matrix. If assume that &, | &, ,, = @, ,, and also two following conditions

{amlﬂmwz > ‘amz‘

CNEE NG TEE g |au +1 ‘

are available, then we conclude that V> 0 (¢'> 1) and also N,7' N, > O =
(b)If e, # O& ,; # 0,2 < i < nthen consider the preconditioned linear system

Apx = by

Where Pp = (I + Hp), Ap={I+HpAdand by =+ Hp)b,

0 0 0
—Bray; 0 0

with | —Biay - Bias, oland >0 =23 . .n
0 0 _ﬁéam—z _B;Iafﬂl—l 0
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alj i=1
. ‘ ' . .
&= alj_ﬁi A1, — Py gy l<i<n 15.] =n
f
' P
1- Bz 101y — Pifya gy t=7

We can write 4 as follows:
Ag =ld,|=Dg-Lg -Upg=(I-L-D+Hg)-U+U)=Mp -Ng

Where p ;7 are the diagonal and strictly upper and strictly lower triangular parts of HyU respectively and ()"

exists, also (M) = 0 for (0 < ' <) and for ' 1 we see that (M)™ > 0. Tt is Possible to define the Gauss-Seidel iteration
matrix for A as:

Tp=U-L-D-L+Hg-Hzp Ly (U+T)

Convergence of the Proposed Method for Nonsingular Diagonally Dominant Z-matrices: In this section we prove the
convergence of our methods.

Lemma 3.1[1]: An upper bound for the spectral radius of the Gauss-Seidel iteration matrix 7 is given by:

i

p(T) < max
i 1-

e

Where [, u, are sums of elements in the ith row of the triangular matrices L., U, respectively.

Theorem 3.2: Let A be a nonsingular diagonally dominant Z-matrix with unit diagonal elements. Then if

F F
Zaﬂf =0,(i = x) we have Z Qg >0 and p{T,)<1 (0 < &’ <).
J=1 J=i+l

Proof: If A 1s a diagonally dominant Z-matrix, then for 1 < i< n, we have

O<tty g, €1 j#it+l
Ottty <l jzit2

Let

pf = 'anrl a’iﬂj J i+ 1
8 S Wy By friT2

i-1 i-1
Vi = azi+lz az+1j+ aii+22 al+2j
j=1 =1
7 n
Wi = Z T gy Z Aoy
J=i+l J=i+l

therefore p, + 5, + v, +w, <0.
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Now assume (), (1), (it ), Aresums of the elements in row i ofﬁa,ja,:ﬁa, and 1, #, the sums of the elements

inrow ith,(i=1,2,...,n-1) of L, U respectively.

(Eog')i = 1*C¥;p1 *CZ;S

i
i-1

(o) = Z Ez_} =L +air Vi
J=1
H
(Eo:')i = Z a_zj =y +C€£ W
If O0<af <1 and j=itl

f r . .
1—o0y a;yy AT S 0 for i =7

' ' .
alj —Oa;, al+1j -0y, al+2j <0 for 1=7

Then, (fa)l ity), = 0 and A, is a Z-matrix, moreover we have

Hence A4, 1s strictly diagonally dominant.
To prove convergence, by (d,), — (I,)> (#,); =0 and lemma 3.1 we have po(T,,) ®

Theorem 3.3: Let A be a matrix defined as in Theorem 3.2, now if

. 1-L—u—2a, ,-2a
o = min, 4 i i +1 142

, 1<i<n
P S Ty v - 2au+l - 2“u+2 - 2au+1a1+11+2 - 2aii+2ai+2i+l

Thena” =1 andfor 0 < o’ < ", p(T,) =1.
Proof: Since 1-1 —u,> 0 (1< i <n), then

V=f = —2ay — 2650 > g+ 5+ + W — 28500 — 2G40 — 205 180400 — 2050095 >0

Hence ¢”>1. Now Let
_ n
. — r f
(o' ); = Z ‘ Q=0 i@y~ Gy ‘
Therefore et
7
= _ i i i i

(uoc')z - Z ‘(1 -« )aqul +(1-o )aiHl + Ay — O ay a4y 7 o ai1+2ai+2j‘

J=itl

f ) f r
= |(1 =0 )a; . — O aii+1az+lz+2‘ + ‘(l —aa;, ., —o aiz+2ai+21+1| +

n

2

J=i43

r r r f
iy O iy1; — & djypg iy ‘ = 2(1705 )aii+1 + 2(170“’ )a1i+2 +

i
f ’ f f
2o Al 41 42 T 2o B2 Q4241 — Z (ai_: —0ay a1+1_;_a Ay 12 ai+2j):
J=i+l

(1t + 2t 9+ 2840 )+ OO0 =20 — 205, 0 )+ 200 a5 @ gppg + 200 A0 @ig
Then
(doc’)z - (loc')z - (ua')i = (1_ azrpz - 5 )_(lz +o Vi ) - (uz + 2aii+1 + 2azz+2) -
a’(wi - 2au+1 - 2au+2 - 2au+1ai+lz+2 - 2au+2ai+2z+l)> (l - 4 — = 2aqul - zau+2) -

" —
4] (pz ts v W - 2azz+1 B 2azz+2 - 2ai1+la1+ll+2 - 2ai1+2ai+21+1) =0
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Therefore 4,.1s a strictly diagonally dominant matrix and with Lemma 3.1 po(T,) <1 =

Theorem 3.4: Let A be a nonsingular diagonally dominant Z-matrix with unit diagonal elements. Tf

[ i-1
Zalf =0,i=n then Zal—ZJ +a,_y;>0 and p(Tp) <1 (0 < F<1)
J=1 =1

Proof: If A is a diagonally dominant Z-matrix, then for 1< i< n, have

Oy <0 j#i-2

<
-leo,, a,<0 j+i-1

Let
n; =, wf—Zj .] #i-2
ql‘ - an—l w:—lj J # l— 1

i-1 -1
=g Z al—Zj + Z ai—lj

J’:] j=1

n n

=2 Z ai—ZjJr'gzi—l Z a1

F=itl J=i+l

I3 I3
Therefore A TR R T Z 25 Ty Z &1y <0
7=l /=1
Now let CARUYRCIE (1 <i < n) be the sums of the elements in ith row of (Dg).(L).(Ug). respectively.

(‘Eﬁ ) =1- JB; i 716;%
(iﬁ)i =L+ fn
(ﬂﬁ)i = +f 7

If 0<fBi<1,then1-f a; ya,5,- B a,14_4,>0 ., i=j

Andif a; - Bla, s, ,— B ay_qa,,;, <0 , i# j then (?,B’)p(ﬂﬁ')i 20, Ay is a Z-matrix, moreover have

(dpr); —Upe); — Gugr), =(-L-u)-fBm+g+n+r=>0, l<izn

Hence, (4;) strictly dominant diagonally. For prove convergence, have:
(dg); — ), > (up), = Oand by lemma 3.1 p(T,) <1 =

Theorem 3.5: Let A be a matrix defined as in Theorem 3.4, if

B =min V- —w —2ay_5— 20,4

i d<i<n
my gt - 2'511172 - 2‘11171 - 2“11*2“%2171 - 2ai1*1ai*1£*2

then 71 and for 0 < "< B, p(Tp) <L
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Proof: We first prove B”> 1, consider

Mg+ —2ay 0 -2y —2ay o ;- 2ay ey ;=

n n
&2 Z a2, 2'?”—2 - 2'1’31—2'%—21—1 T Z 17— Zazi—l - Zazi—laz—lz—l =

=1 =1
I3 I3
@iz Z el e P R Z @y —l=a g5 >0 1<i<n.
j:l j=1
JRi-2 J=i=1

Since 1 — L —w, > 0and
V1 =fi—w—2ay o —2ay 1>+ g+ 1+ Py —2a5_9—2ay 1 — 205 o0 9; 1 — 28516159 >0
-1

Hence 57> 1. Let (l:ﬁ')z = Z
7=1

f f
= JB Ay W_g;~ JB a1 ai—lj‘

(iﬁ')i = ‘(1—18')“”—2 By a0 —0=-Bayy —fa, sa, i—2‘+
-3

2

/=1

a; — JBrazz—Z di_2; — }Brazi—l a1y ‘ = 2(17 JB,)azi—Z + 2(17 ﬁr)aiz—l + 2}8,‘1&'—2 [

i1

2B a, a0 — Z (a,—Blay sa_y;~Baygaq,0=0+2a; 5+ 2ay 1)+
/=1

Bln—2a; o —2a; 1 —2a; pa, 9,1 —2ay 18,1, 5)

Thus

(dg); =gy, =g, = A= By = Bg) = + 2a_y +2a, 1)~

Bl —2ay_o=2ay 1 —2ay a5, -2, a1, 5)-

G, + Blpy=(0—F—u —2a,_y —2a;_1)—

Blm v g +m +p,—2a, 5 —2a, q —2a, 48, 51— 245 18,1, 5)=0

Therefore 4 1s a strictly diagenally dominant matrix and from Lemma 3.1 have p(7},) <1 =

Remark 3.1: For estimate 3’ in P, = I + K, we work similar to P = (I + Hj), but K represent one diagonal above main
diagonal. Also i, and theorems 3.4, 3.5 put a,_, = 0.

Theorem 3.6.[3, 4]: Let Abe a nonnegative matrix.then:
(a) If , x < Ax for Some nonnegative vector x, x # 0, then y, < p(4)

(b) If < ¥, for Some vector x, then (A4) <y, . Moreover, if A is irreducible and if y.x < 4Ax < yx For Some nonnegative
vector x, then ¥, < p(4) <y, and x is a positive vector.

Theorem3.7.[5]: Let A=M,-N,=M,-N, be two regular splitting of A, where A~ 2 0. IfoleZ—I, then

1> p(M;'Na) = p(M; "N )2 0

Particular if Mfl >M51 and 47 > 0 then 1= p(M£1N2)> P(Mf1N1)> 0
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Theorem 3.8.[5]: Let A=M,-N,=M N, be two regular splitting of A, where A™'> 0, then NV, > N, implies that Mfl > M;l .

Theorem 3.9.[6]: Let A = 0 be an nxn matrix. Then the following hold:

(a) A has a nonnegative real eigenvalue equal to its spectral p(4). Moreover, this eigenvalue 1s positive unless A 1s
reducible and the normal from of A is strictly upper triangular.

(b) A has an eigenvector x > 0 corresponding to go(4).

(c) p(4) does not decrease when any entry of A 1s mcreased.

Comparison Theorems for Z-matrices and M-matrices
Theorem 4.1: If A=[a, ] be a Z-matrix and T, T, are iteration matrices of the Gauss-Seidel method and preconitioner Gauss-
Seidel method,respectively. When O< &' < 1 and by remark 2.1 for 0 < ¢’ < @” we have

a) (T <11if p(T) <1
b) p(7,) = 1if p(T) = 1
c) (T )=1if p(T)=1

Proof: Since T=(I-1.)~' U > 0 therefore by Theorem 3.9 there exists a vector x such that x > 0 as T = p(7T)x.

Sice T, 0 < &< 1 is nonnegative matrix and also from remark 2.1 7.0 < &’< &”) is nonnegative matrix, then exist vector
x such thatx > 0 and that T, x = (T, )x.

Now

Ty =U-L-D-Ly ' (U-Fy+Fyl)
=(I-L-D-LY NI+ F\Ux—(I L —D— LY {(F,)x
=(I-L-D-Ly'U+F)pTy(U-Lx-(I-L-D-LYYF,x

Therefore

Tyw—Tx=(I-L-D-LY [ p(T) I + FpXd — Lyx— (Fp)x—
(I-L-D-LYI-LY'Ux |=(I-L-D-LY'[pI){ -~ Lx+(p(I') - VFyx—Ux]=
(I ~L-D LY (p(T)~1)(Fy)x

Since (M), and (F ,) are nonnegative matrices. Then by theorem 2.2 [3] we have

If p(T)<1 then p{(T ) <1
I p(T)=1then (T ,) =1
p(T)>1 Thenp(T )>1m

Theorem 4.2: If 4= [5y] be a Z-matrix and T, T are iteration matrices of the Gauss-Seidel methed and preconiticner

Gauss-Seidel method, respectively. For 0 < "< 1 we have
a)pll ) <1ifp(T)<1
W ATH=1ifp(T)=1
) pTp=1if f(T)>1

Proof: We have Uy =p(T I — L)y, then
[(L+ U=DH1-p(T NI+ p(T)-1) L]y = 0. Therefore (L. + U—D)y = (o(T)-1)(I - L)y

Since T ;18 nommegative matrix and also o(7 z) =1, therefore T gy = o(T v,
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Tgy—T y= (Dfi)_l[fp(T)(I75)+p(T)(L+HﬁrL7Hﬁw)+(U+ o) |»
=(D-L) ' [(p(1) - DDy + (P )~ DHpL ~ Hp)+ D+ HgL—Hp +U) |y
=(D- L) [(p(T) - DDy + (o)~ D(H gL~ Hp )+ (p(T)-DHg (I - L) |y

=D-Ly [ {p(T)- 1Dy |y

Now, If o(T) <1 then p(T ;) < 1
Ifp(T)=1then o(T ;) =1
fpT)>1thenp(Tp)<1m

Lemma 4.3: Let A be an irreducibly diagonally dominant Z-matrix, where A=M-N and 4 , = M ,— N . are Gauss-Seidel
splitting. Then we have the following mequalities j,-1 ol Mr&,l=1 st s lso

o'<l
Proof: Since (I-Dy =0 - forl > a’<a”and (7, > then we have the following inequalities

M = [f +(I-DyYL+L)+ {(1 _DylL +E)}2 c U -DXL+D" U -D)=0

Now if O < a’< 1then (; _py>7 and (4[>,

thus 471 >l > >0

o<l

If ¢’ 1 since (I-D)=(] _5(05,:1))—1 > p and (L +an>1)2 (L +Ear:1) =0,

thus g7~ >art =0 "

Theorem 4.4: T.et A be an irreducibly diagonally dominant Z-matrix, where A=M-N and 4 ,=(I+F =M ,— N , (0 <
&’ < 1) are Gauss-Seidel regular splitting. Then

PMgiaNory) < pIMGlaN o) < P(M i Ngr) < 1
Also, withremark 2.1, 4 ,.=M ,—N (0 < ¢'< «”) is Gauss-Seidel regular splitting. Then we have
PIM A (N e )< pUM o (N e )< pUM P N e )< UM N ) <1

Proof: Since M&l >0,N, 20,(0<a <1) and from remark 2.1 we have M(;fl >0,N, 20,0<d <a)> therefore from

Lemma4.3 and theorem3.7 the proof is completed. =

Lemma 4.5: Let A be an irreducibly diagenally demmant Z-matrix, where A=M-Nand 4 , =I + H =M ; —-N (0 < f§
< 1) are Gauss-Seidel regular splitting. Then the following inequalities hold, iwﬁ,l:1 = MB,I<1 = ls0-

Proof: Since 0 < Ny < Ny < Ny < Nand from Theorem 3.9 too, the proof is completed. =

Theorem 4.6: Let A be an irreducibly diagonally dominant Z-matrix, where A=SM-N and 4 =4 5—d4 5 (0 < f'< )are
Gauss-Seidel regular splitting. Then P(Mﬁ’lleﬁ':l) < P(M;B}dNﬁ'd) < P(MB’IN;B') <1

Proof: Since N ;, > 0, then the inequalities are hold. =
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Theorem 4.7: Let A be an irreducibly diagonally dominant Z-matrix. Let 4, =M, | —Ny =T +S5,)4.
A1 =My —Ny_ =+ Fyp_q) A, are Gauss-Seidel regular ﬂlenP(M&'llea':l) < P(M&;N(x:l) <1

Proof: From theorem 4.5. p(M&}leale) <1

Consider any fixed vector e>0(e.g. with all component equal to 1) and v = 4" e (no row of 4" can have all mill
entries), then v=0.

We have the following equation:
(Aye) —Ape) U=(Fooy — Sy ) A= (Fo ¢ S,2)) e 0, therefore 4, v > 4,0
Then the following relation holds:
-1 -1 -1 -1
My N =0 -M "y Ny WMy Ny v=U-M "y Ny
Which theorem 3.6 implies P(M(;}:1Na':1) < p(Mn;lleazl) . From [4] we have P(M&;N(x:l) <1

Therefore p(M;’l:INoz':l) < p(M;ilNoz:l) <1-

Also by [4] we have

=

2 1
My = {L + {(1701)‘1(15 +E)} + {(1 Dy +E)} T {(1 D,y E )} }(1 Dy =0
Therefore M;’l>1 - Ma:l_l and by theorem 3.7 the proof 1s completed. =

Theorem 4.8: Tet A be an irreducibly diagenally dominant 7Z-matrix. Let A =Mpg_ -Npg =(I+Kg_1)4,
Agr=Mpg_|~Npg_ ) = +Hpgr_ )4, are Gauss-Seidel regular splitting there exists a positive vector o such that 0 < A 4,

o< N0 Then
P(M;_a'lleﬁ’:l) = P(Mfalleﬁ:l) <1"®

Remark 4.1: From Definition 1.3 [4] and corollary 1.10[4] Numerical Examples: In the following tables we consider.

an irreducibly diagonally dominant Z-matrix is an M- EST : Estimate cases, according to said relations.
matrix. A, General matrix.

A,  Strictly upper triangular matrices elements norm
Remark 4.2: It 15 difficult to estimate ¢ .., B, by more than strictly lower triangular matrices
theorem3.3 and3.5and only they obtain by numerical elements norm.
computations. Ay ¢ Strictly lower triangular matrices elements norm

more than strictly upper triangular matrices

Remark 4.3: It 13 difficult to compare the elements norm.
spectral radii of the two different iteration matrices 4, : Symmetric matrix.

- - -1 -1
(Mot'l>1Noc’>1 2 (MallNaH) and (Mﬁ'>1Nﬁ'>1 X (Mﬁ >1N18>1) . .
) ) . ) Comparison of Spectral Radii:
which are not nonnegative [except conditions said

. _ 1 _

in remark 2.17). Also we cannot compare ¢ with a” A= ) ) 1 J
. . . . -lG+1/3%4n) 1# ]

and § with B, therefore their spectral radi are not

comparable.
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Preconditioners
n 1 I+8 I+F +K +H O‘oul 'I:w! ﬁon! rﬁ:w!
5 0.2310 0.1315 0.0849 0.2180 0.1977 1.7 1.27 4.85 3.21
10 0.3159 0.2540 0.2058 0.3159 0.3053 2.7 1.93 22 13.60
20 0.3655 0.3325 0.3027 0.3655 0.3655 5.38 3.66 41.9 45.40
40 0.3923 0.3754 0.3594 0.3923 0.3923 10.83 5.78 77 63.00
I+5, I+ Fo' I+ K I+ Hy gt st Desr I+ St I +F sy I+ Kgsr
0.0786 0.0300 0.1870 0.1588 3.29 2.84 3.64 0.1687 0.2887 0.1942
0.1100 0.0688 0.2538 0.2531 3.37 2.57 3.74 0.1243 0.1326 0.3020
0.1381 0.1225 0.2954 0.3037 3.94 2.71 6.35 0.2191 0.1686 0.3596
0.1527 0.1463 0.2984 0.3748 5.33 3.33 573 0.2949 0.2726 0.3907
1 i=7
Ay =4 LA +10%)) i = ;
-1+ 100%1)i < j
Preconditioners
n 1 8 I+F ot I1+5, &t I+ F,
7 0.0110 0.0067 0.0042 2.00 0.0031 1.32 0.0019
10 0.0157 0.0114 0.0085 2.42 0.0042 1.67 0.0025
20 0.0281 0.0238 0.0207 5.10 0.0051 2.88 0.0041
40 0.0450 0.0410 0.0380 8.49 0.0107 4.91 0.0084
I+X Byt 1+K Dot I+ Hy
0.0107 8.00 0.0094 5.00 0.0081
0.0155 11.00 0.0141 7.00 0.0130
0.0279 22.00 0.0260 12.00 0.0248
0.0448 33.50 0.0409 18.00 0.0414
1 i=7
Az =< -1 +100%j)i > ;
SLG+10%) i<
Preconditioners
n I 48 I+F Lot I+8, o 1+ F,
7 0.0339  0.0148 00018 131 00099 1.09 0.0047
10 0.0490  0.0283 0.0168 1.56 0.0151 126 0.0080
20 00839 0.0632 0.0494 274 00248 171 0.0212
40 01257  0.1064 0.0929 464 00395 270 00352
+K +H Lo I+ K Bopt” I+ F,
0.0337 0.0330 26.60 0.0291 11.00 0.0262
0.0488 0.0483 40.00 0.0435 22.70 0.0389
0.0837 0.0834 65.50 0.0774 52.10 0.0714
0.1255 0.1253 107.00 0.1184 88.50 0.1120
1 i=j
4= { Vi
Sliitjra) i
Preconditioners
n I I+3 I+F K I+H X I+, Xy I+ F,. I+ K
5 0.1654 0.0850 0.0504 0.1557 0.1403 1.54 0.0521 1.22 0.0190 4.86
10 0.1780 0.2332 0.1371 0.2300 0.2245 241 0.0759 1.73 0.0473 20.00
20 0.2740 0.2428 0.2155 0.2730 0.2713 4.66 0.0973 3.38 0.0925 49.00
40 0.2964 0.2799 0.2645 0.2961 0.2956 9.24 0.1087 4.98 0.1041 90.00
1+ K, Dlont I+ Hy ger T+ Setegr Fesr I+ Fygr Dest I+ Kaesr
0.1319 3.09 0.1112 4.70 0.2622 3.73 0.3712 4.76 0.1323
0.1999 13.50 0.1803 524 0.1732 3.70 0.1846 5.37 0.2193
0.2243 51.00 0.2273 4.35 0.1445 6.85 0.1347 7.02 0.2683
0.2438 73.50 0.2791 6.02 0.1182 10.36 0.1203 10.57 0.2940

We compare spectral radii with value arbitrary less than one (0.9) in first example
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1 i=j
A= ; o
-1+ 3%+ i

Preconditioners

n I+ S I+ Fugs I+ Koo I+ Hggo

5 0.1422 0.1002 0.2192 0.2006

10 0.2605 0.2178 0.2707 0.3063

20 0.3359 0.3093 0.3645 0.3627

40 0.3771 0.3627 0.3920 0.3915
CONCLUSION

*  The spectral radius of two preconditioners I + .o
and [ + Kpesr are not comparable m general n the
sense that, sometimes one of them works better than
the other and sometime not.

¢ If g < 1 then the spectral radius is less than one,
but consider that it may be possible the spectral
radius of the preconditioned matrix be greater than of
the original one.

* In the symmetric matrices the spectral radius of
preconditioner I + S, is better than 7 + 5§,z and also
of I + F .18 better than I + F 4o

¢ TIf the absolute values of entries located in blow and
the above of the mamn diagonal are almost equal, then
again we have the properties mentioned in 3.

¢ The preconditioner I + F.and I + Hy are better than
the preconditioner of I + 8, and / + K respectively.

o When w, o, B, ' (arbitrary 0.9), the spectral radius
becomes less than one.
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