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Differential Transform Method for Solving Helmholtz Equation
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Abstract: In this article differential transform method (DTM) 18 considered to solve Helmholtz equation. This
method is a powerful tool for solving a large number of problems. Several illustrative examples are given to
demonstrate the effectiveness of the present method. MSC (2010): 65Mxx, 65MS9.
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INTRODUCTION

Consider Helmholtz equation on a given region R in
the X¥-plane mn the following form.

Viu+ f(x = g(x, ). )

Where:
t(x, ¥) is known on the boundary of R The boundary and
initial condition could be given by the following

functions.
w0, y) =y, (»), u(0,y)=v,(y), 2)
u(x,0) =y, (). 1, (x.0) =y, (3). 3

‘Where:
W, (59 1, (5, W, () and. 1, () are known functions [1].
In this paper, we implement differential transform
method [2] for finding the exact solution of the Helmholtz
equations. This equation appears in diverse phenomena
such as elastic waves in solids including vibrating string,
bars, membranes, sound or acoustic, electromagnetic
waves and nuclear reactors [3, 4].

Basic Idea of Differential Transform Method:
The basic defimtions and fundamental operations of the
two-dimensional differential transform are defined in [3, 6]
as follows. The differential transform of a typical function
t(x, v) is the form

1 {ak”ﬂu (x, y) } 4
A k A ?
kih! ox" oy (%.7)

Uk, h)=

where:
#(x, y) is the original function and Uik, %) is the
transformed function.

The differential inverse transform of Uik, k) is
defined as

] (5)
u(xy) =2 > Utk m(x—x) v=»),
k=0 h=0
in a real application and when (x,, y,) are taken as

(0, 0), then the function u(x, y) is expressed by a fimte
series and Eq. (5) can be written as

k+h (6)
(el

axkayh

Eq. (6) implies that the concept of two-dimensional
differential transform is derived from two-dimensional
Taylor series expansion. In this study, we use the lower
case letters to represent the original functions and
upper case letters to stand for the transformed functions
(T-functions).

From the defimtions of Eqs. (4) and (5), 1t 1s readily
proved that the transformed functions comply with the
following basic mathematical operations.

The following theorems that can be easily deduced:

1.Tf w(x, v) = glx, v) £ h(x, y) then LIk, ) = glk, B £ H(k,
h)

2. If u(x, ) A glx, 3), then ULk, k) = AG(k, k), where, is A a

constant.
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3.1f ) then Utk )= (eH1) Gt L),

o (x.
u(x, y) = %
d2(x.y)

&y

ar+sg x,y
ulx, y)= ﬁ

4.1f then Uk, k) = (h+1) Glk, 1),

u(x, y)=

5. If then

Uk, B = (e + 1)k + 2)..(k+ )
<(h+1)h+2)..(h+s) Gllk+ r.h=+s)

6. If ux, y) = 2™ 3", then
Uk, h) =8(k-m) d(h - n) = d(k - mh - n),

1, k=mh=-n,

where Sk—mh—n)= {0 otherwise

7.01F ulx, y) = g(x, ) h(x, ), then

Ulk, )= iiG(n h—s)H(k—r,s).

r=0 5=0

Example 1. Consider the following initial value equation

&u 9

7u 3
T txu=2+x" +xy

ax_2

With mitial condition,
u(0,y) =y,

{ux (0, v)=0.
Taking the differential transform of (7), then

()

(k+Dk+2)U(k+2. k)
+Hh+ 1 h+ 20Uk, h+2)
+Zk:zh: S(r—1Dd(h— Uk —r,5)

- 25;()5(11) +8(k—3)8(h)
+3(k—1)3(h-1),

©)

From the initial condition given by Eqgs (8).

1 h=1 (10)

U(O’h){o h=0.23

UL =0, h=0,1,....

167

(2): 166-168, 2010

Substituting Egs. (10) in Eq. (9), all spectra can be
found as

1 k=2h=0,
Ulk,h)=11 k=0h=1,

0 otherwise.

We obtained the closed form series solution as

u(x. )= > Ulk. " y" = y+x°.

k=0 h=0

Which 1s the exact solution.

Example 2: Consider the Helmholtz

follows [7].

equation as

A u (an
+ 2
ay

with indicated initial conditions,

|

With the exact solution

Au
ax_2

—1=0

>

u(0, )=y, (12)

u (0,y)=v-+coshy.

u(x, )= xcosh y+ye”.
Taking the differential transform of (11), then

(ke + 1)k + 2)U (k +2, h)
+h+ 1Y h+ U (k, h+2)—U(k, h) = 0.

From the initial condition given by Eq. (12)
h=1, (13)

1
U(O,h)={ ho02

0
1

h!
1

0

his even,

UL k)= h=1,

otherwise,

Substituting (13) in (12), all spectra can be found as
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L k=1and his even,
h!

Uk, k)= L' h=land k=0,1,.._,
0 otherwise.

Therefore, the closed form of the solution can be
easily written as

=X — ¥+ —x = h v+ ve”.
;gzozz:___ X ¥ ykzgm Py x =xcosh v+ ye
Which 1s the exact solution.
CONCLUSIONS

In this study, we have introduced differential
transform method (DTM) to solve Helmholtz equation. Tt
may be concluded that the method is very powerful and
efficient in finding the analytical solutions for a wide class
of initial boundary value problems. The method gives
more realistic series solutions that converge very rapidly
in physical problems.
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