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Abstract: In this work, we construct the travelling wave solutions mvolving parameters of the coupled Witham-

Broer-Kaup equations, by using the (g )
G

-expansion method When the parameters are taken special values,

the solitary waves are derived from the traveling waves. The travelling wave solutions are expressed by the
hyperbolic functions, the trigonometric functions and the rational functions.
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INTRODUCTION

In recent years, searching for explicit solutions of
nonlmear evolution equations by using various methods
has become the main goal for many authors and many
powerful methods to construct exact solutions of
nonlinear evolution equations have been established and
developed such as the tanh-function expansion and its
various extension [1, 2], the Jacobi elliptic function
expansion [3, 4]. Very recently, Wang et al. [5] introduced

a new method called the (g) -expansion method to look
G

for travelling wave solutions of nonlinear evolution

equations[2,7]. The (g) -expansion method is based on
G

the assumptions that the travelling wave solutions can be

expressed by a polynomial in (g) and that G = G (£)
G

satisfies a second order linear ordinary differential
equation(ODE).

Description of the (% ) -expansion method: Considering

the nonlinear partial differential equation i the form
Plu, 0,0, ,4,,,...) (1)

Where u = u(x, t) is an unknown function, p is a

polynomial mn u = u(x, t) and its various partial derivatives,
in which the highest order derivatives and nonlinear terms

are mvolved. In the following we give the man steps of

the (g ) -expansion method.
G

Step 1: Combining the independent variables x and t into
one variable £ = x-vf, we suppose that
u(x,1) = u(Z), E=x -t (2)

The travelling wave variable (2) permits us to reduce
Eq(1) to an ODE for G = G(£), namely

Pl -vu'u'vu’, -vu”u”..)=0 (3

Step 2: Suppose that the solution of ODE (3) can be
expressed by a polynomial in (g) as follows
G

u(’g’):a’(%’)Jr...., &

Where G = G(E) satisfies the second order LODE in the
form
G"+AG +uG=0 &)

&,,...,4 and ¢ are constants to be determined later e, # O,

the unwritten part m 4 1s also a polynomial in (G') . but the
G

degree of which 1s generally equal to or less than m - 1,
the positive mteger m can be determined by considering
the homogeneous balance between the highest order
derivatives and nonlinear terms appearing n ODE (3).
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Step 3: By substituting (4) into Eq. (3) and using the
second order linear ODE (5), collecting all terms with the

same order (g) together, the left-hand side of Eq. (3) 1s
G

conwerted into another polynomaial in (g) . Equating each
G

coefficient of this polynomial to zero yields a set of
algebraic equations for e,,...,A and u.

Step 4: Assuming that the constants «,,,...,A and p can be
obtained by solving the algebraic equations in Step 3,
since the general solutions of the second order LODE (5)
have been well known for us, then substituting e,,...,v and
the general solutions of Eq. (5) mto (4) we have more
travelling wave solutions of the nonlinear evolution
equation (1).

Cupled Witham-Broer-Kaup equations: Tn this section we
consider the Cupled Witham-Broer-Kaup equations in the
form.

u+un+v+Pu=0
v+{uv)+om —fv=20
The travelling wave variable below
u(x,1) = u(g)

E=x-wt (7N

Permits us converting Eq.(7) into an ODE for G = G (£)

7am'+§(u)'+v'+ﬁu":0
—w +(uv) +ou" - BV =0

Integrating it with respect to £ once yields

(6)

—am+§(u)+v+,8u'+c =0

(7)

—wv+uvtou — fv+e=0

For simplicity we consider ¢, equal to zero and by
substituting equation (6) into equation (7) we have

(8)

3 1
—a)u+5a)u'—§u +{o+ B )" +e=0

Suppose that the solution of ODE (B) can be
expressed by a polynomial in (g ) as follows:
G

u(§):(x_(%)+....,

328

Where G = G (£) satisfies the second order LODE in
the form
oy, , v and p are to be determined later.

By using (9) and (10) and considering the
homogeneous between uoi
Eq. (8) we required that 3m = m+2 then m =1. So we can
write (9) as

1

balance u and in

ws)-a(Z)ea, an
Therefore

Gﬁ

u’ :af(a)j +3a12a0(%)2 + 3, (102(%)+(103 12)

G G
z,,a‘gzoci‘g(E)ZJrroj aO(E) +o, (13

By using (11) and (10) it 1s derived that

r3 r2
=20, (D ey

Gf
(A + 2000 ) )+ A

By substituting (11) - (14) into Eq. (8) and collecting
all terms with the same power of (g ) together, the left-
G

hand side of Eq. (8) is converted into another polynomial
in (g ) - Equating each coefficient of this polynomial to
G

zero, yields a set of simultaneous algebraic equations for
oy, ty, ¥, 4, it and ¢ as follows:

1 3 2

——o + 2o+ o, =0
Lo+ 2(as ),

3 3

50512 - Eafaﬂ +3{a+ B A =0

3
—o’a, + 3oo,o, - Eal,aﬂz +(a+ B ) e A’+ 20,0)=0

3 I
2 2 3 2 _
—o'a, + o -—a, +a+p oA+ e=0

On solving the algebraic equations above by maple
package we obtain

o, :ir2,/(x+,82
It o, =2 foc+ﬁ2 we have
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m:iJ3l2a+ 3ATBT — e (AT w20 ) - 2B A v 2 )

And for

a):\/3l2a+3}t2ﬁ2 —20(A°+2u)-2P(A° +2u )

We have

Jsfms;w? 20+ 200)— 2R + uF o F +hos AfF
Jor B

By using (16), expression (11) can be written as

&) Horr it )+
\/31205+ INF 20047 +2u)- 280X +2;1)2Ja+ﬁ2 + Ao+ AR
J(X+ﬁ2

And

E= x—\/3l2a+312ﬁ2 —20( AT 2u)-2B(A v 2u )t
Substituting the general solutions of Eq. (10) as follows
C smh;\fl —4uE+C, coshg\ll 4;uéj A
C cosh;:\lfl. —4ué+G, smh;:\ll‘? ’g'

%J(

10
2

Into (18) we have three types of travelling wave
solutions of the Cupled Witham-Broer-Kaup equations (6)
as follows:

When A* - 440

(o Smhéd/lz —4uE+C, coské-\f/la —4ué
I+
[of coshé\ﬂ/la —4ué+c, Sinké-\li/la —4ué

NEot 37 B - 2o A7+ 2u) - 2B(A + 2u) oo+ B vAe+ AR A
Jo+ 8 2

w(g)=ff e+ JF AT~ qul

Where ¢ _ i+ 52257 — 200 A% + 21) - 2( A% + 2 ¢ - Crand
C, are arbitrary constants.

In particular, 1f C, # 0, C, =

u(& )= Afor + ,B‘?rghé

2 22
;Lé\ls/l o+ 348

0, A= 0, 4 =0, u, become

—20A7 — 2PA° o+ B+ Ao+ A
o+ B’

_A
2

329

Which is the solitary wave solution of the Cupled
Witham-Broer-Kaup equations.
When A* - 4u<0

- smé\félju —AE 4 cosé\,‘él,uf A

uE)=ffoe+ BN - )i =+
jof ccséq,u,u— 1E+a, Slﬂé1}4,u— A

VAt 3N =203 +2p) - 2B A+ 2uf e+ BT A AR 2
Jo+ 2
When A’ - 4p =0
u(g)_z"caiggq E=x— 30+ 30 B — 2oy AP 420 ) - 227 + 2 f
2

Where C, and C, are arbitrary constants.
And for o, =-2Ju+p? we apply this above methed.

CONCLUSIONS

These equations are very difficult to be solved by
traditional methods. The (g ) -expansion method has its
G

own advantages: direct, concise, elementary that the
general solutions of the second order LODE have been
well known for many researchers and effective that it can

be used for many other nonlmear evolution equations.
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