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Abstract: This paper outlines the implementation of variational iteration method (VIM) for finding new solitary
solutions for nonlinear dispersive K (p, ¢) equations. Numerical results coupled with the graphical represnation
explicitly reveal the accuracy, simplicity and efficiency of the proposed algorithm.
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INTRODUCTION

The nonlinear K(p, ¢q) equations [1-36] arise very
frequently in various physical phenomenon and a new
type of solution which is named as peakon and
compacton is of utmost importance in this context. The
generalized form of a nonlinear dispersive equation K(p,
q) is given by:

u, + o), + () = 0. o

Due to the great physical significance of (1),
extensive research work has been carried out by various
authors, see [1-12] and the refernces therein. The basic
motivation of this paper is the implemenation of
variational iteration method for finding peakon and
compacton solutions of nonlinear dispersive K(p, ¢)
equation. It is observed that the proposed technique
(VIM) is extremely simple and is highly suitable for such
problems. Numerical results coupled with the graphical
represenation explicitly support our claim.

Variational Iteration Method (VIM): To illustrate the
basic concept of the He’s VIM, we consider the following
general differential equation.

Lu + Nu = g(x), (2)

Where L is a linear operator, N a nonlinear operator and
g(x) is the inhomogeneous term. According to variational
iteration method [13-21, 32-40], we can construct a
correction functional as follows.

1 (¥) = 4, () + [ ALty () Ny (5) = g(5D) s, (3)
0

Where A is a Lagrange multiplier [13-21, 33-36],
which can be identified optimally via variational
iteration method. The subscripts n denote the nth
approximation, i, is considered as a restricted variation.

ie. 0i,=0; (2) is called a correction functional.
The solution of the linear problems can be solved
in a single iteration step due to the exact
identification of the Lagrange multiplier. The
principles of variational iteration method and its
applicability for various kinds of differential equations
are given in [13-21, 33-36]. In this method, it is
required first to determine the Lagrange multiplier A
optimally. The successive approximation u,,,, n=0 of
the solution u will be readily obtained upon using the
determined  Lagrange multiplier and any selective
function u, consequently, the solution is given by

u=limu, The convergence of variational iteration
n—>0

method has been discussed in [20].

Solution Procedure

Shock Peakon Solution in K(2, 2) Equation: Now we
consider K(2,2) equation:

ut + a@’), + ). =0, )

To search for its solution, we can assume an initial
condition in the form

Corresponding Author: Prof. Dr. Syed Tauseef Mohyud-Din, HITEC University Taxila Cantt, Pakistan.

E-mail: syedtauseefs@hotmail.com.

1407



World Appl. Sci. J., 10(12): 1407-1413, 2010
4
u(x,0) = —S—ZCOSZ%()C +Xp), )

Where x, and ¢ are constants. The correction functional is give by
t
1 (x,0) = depeda +30)+ [As) Pt @)+ (i) | s
3a 4 0 Os
Making the correctional functioanl stationary, Lagrange multiplier can be identified as A(s)= -1, consequently

¢
U, (x,t) = —%cos2 %(x +xp) —J. [%+ a(unz)x + (unz)xxxjds.
0

Following approximants are made:

uy(x,t) = —gcoszTa(x +Xg), (6)
2
c . Na
1) = ——=tsin—(x + x;),
uy (x,1) o sin 2 (x+x) (7)
_ C3 2 a
uz(x,t) = —Et COST(X + )CO), (8)

4
¢ a
uz(x,t) =~ 7

£ sin%(x +xp), )

and so on, the rest of the components of the iteration can be deduced by Mathematical package. The solutions u(x,)
are readily found in a closed form

4c 2Na T
u@ =13 3¢ =5 (10)

0 otherwise

Where £ =x + ¢t + x,. The obtained compacton solution, Eq.(14), has the same expression with that in Ref. [13].
The solution is shown in Fig. 1 with a = 1, ¢, = -1, x,= 0. From (10), we can find compacton solution arise as a > 0.
Therefore, we pay more attention to what happens to the solution when a > 0. Assuming another initial condition as
w(x,0) = Aei(ﬁ I2)(+xp) co’ we can then obtain the solution u(x,?) in a closed form as.

u(x,t) = Ae—(ﬁ 12)|(x=(3/2)acyt+x,)| +¢o

(1)
Where A4,x, and ¢, are arbitrary constants, which are flowing peakon solutions as shown in Fig. (2) with 4 = 1, a=-1, ¢,

=1, x,= 0. Note that 4 in (11) is an arbitrary constant, hence we can obtain a new solitary solution called shock-peakon
solution which can be written in the form.
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Fig. 1: Compacton solution

Fig. 3: Shock-peakon solution.

u(&) = Asign(& )e_(ﬁ/z)‘é‘ +¢

(12)

Where £ = x-(3/2)ac,t + x, and sign(E) = E|E|. The shock-peakon solution illustrated Fig.(3) with 4 = 1, a=-1,¢,= 1, x, =
0. This is a new type of solitary waves and is a discontinuous wave. Hence it is shock wave. At the same time, it is a
peakon as well. In fact, from the graphs and computation we can find that it has a discontinuous first-order derivative
at £ = 0. But, this solitary wave is non-local. It can be expressed by ¢ function. Note that the fact.

W] o arsign@s 4 o) 2
¢ =e & ,dészgn(é)—ﬁ(é)- (13)

Hence

d s (arsigE N=a ~(=a/2)sign(&)E
déu(é)—A5e > A[sign(€)8(E)E +1]e , (14)

Where 6(6) is 6 function. Assuming different initial conditions, we may obtain different exact solution in a closed form
as follows:
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u(x,0) sm2£(x+x0) —ﬁcoshz;a(erxO), —ﬁsin2 4 (x+xp),
" 3a 3a 4 3a
u(x,0) s1n2£(x+ct+x0) e h2 x+ct+x0) —ﬁsinzl(xﬁLctﬁLxO),
" 3a 3a 3a 4
Shock Peakon Solution in K(3,3) Equation: Now we consider K(3,3) equation:
u[ + a(u3)x + (u3),r,¥,r
15)
According to HPM, we readily construct the homotopy.
ul +p(a(u3)x + (us)xxx)i
(16)
To search for its solution, we can assume an initial condition in the form
3¢ \/;
u(x,0)= —ZCOST(X+XO), (17)
Where x, and ¢ are constants. The correction functional is give by
3c Ja .
n+l(x t) _Z_COS_(X+XO)+J.A'(S)[ _a( )x +(un3)xxxjds
Making the correctional functioanl stationary, Lagrange multiplier can be identified as A(s) =-1, consequently
t
3c Ja ou
U, 1(x,8) = |——cos—(x+xg) — Jl(s) —— a(un3)x + (un3)xxx ds.
2a 3 0 Os
Following approximants are made:
c ~a
ug(x,t) = = cosT(xwLxO), (18)

3
ul(x,z):—,/—C—zsinﬁ(x”o), (19)
6 3
5
Uy (x,1) = —,/—%rz cosg(x + o), (20)

1 cla?
Uz (x,0) =—4|—
3@0=T s

3. ~Na
7 sin—(x + xg),
sin 3 (x+xg) @n

and so on. The solutions u(x,?) in a closed form are obtained by Mathematica package

3¢ \/; T
W= 2.3 =3 22)
0

otherwise

Where £ = x + ¢t + x,. The compacton solution is shown in Fig.(4) with a=-1, ¢,= 1, x,= 0.
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Fig. 4: Compacton solution Fig. 5: Shock-compacton solution

By the same method, we can obtain the solution u(x,?) in a closed form as

3¢ \/Z b4
W@ =I5t BlEp 23)
0

otherwise,

So we can obtain a new solitary solution called the shock-compacton solution as follows

u(€) = \/‘%S"g”(é)“sgé ¢l<5 (24)

0 otherwise,

Which is shown in Fig.(5) with a=-1, ¢, = 1, x, = 0. Form the graphs and computation we can find that it has
discontinuous first-order derivative at £ = 0, + 7 /2. Note that the fact

@)= | Esienerareos V2 25)
iA(é)—b‘(éJj—b‘(é—fJ and L sign(&) = 5(¢)
ag " 2 2 ag ST (26)
We have
d 3 Ja, [ 3c . T T Ja
Eu(é) = —2—26(§)A(§)cosTa§ + —2—Zszgn(§){5(§ +Ej—5(§ _EHCOSTa @7)
—\/%Sl'gn(é)/l(ﬁ)singi,
Where
T
A= Fl=3 28)
0 otherwise,

6(06) is 6 function. Hence shock-compacton solution is non-local and new type of solitary wave. It has the characters
of shock and compacton.
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CONCLUSION

In this study, we obtain two new types of solitary
wave solution: shock-peakon and shock-compacton for
K(p, q) equation by means of the variatioanl iteration
method. They are non-local shock wave solutions, having
the characters of peakon and compacton. Nnumerical
results clearly reveal the complete reliablity of the
proposed algorithm.
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