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Abstract: This paper reflects the implementation of homotopy perturbation method (HPM) on the re-formulated
systems of fourth-order parabolic partial differential equations. Numerical results explicitly reveal the complete
reliability of the proposed algorithm. 
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INTRODUCTION Several examples are given to verify the reliability and

This  paper  is  devoted  to  the  study  of  the
singular fourth-order parabolic partial differential Homotopy Perturbation Method (HPM): To explain the
equations  [1-7]  with  variable  coefficient.  It  is well homotopy perturbation method, we consider a general
known in the literature that a wide class of problems equation of the type,
arising in mathematics, physics, astrophysics and
engineering  sciences  can  be   distinctively  formulated L(u)=0, (1)
as   singular   initial   and   boundary   value  problems.
The singular fourth-order parabolic partial differential Where L is any integral or differential operator. We define
equations govern the transverse vibrations of a a convex homotopy H (u, p) by
homogeneous  beam.  Such  types  of  equations  arise  in
the   mathematical   modeling   of   viscoelastic  and H(u,p) = (1-p)F(u)+pL(u), (2)
inelastic  flows,  deformation  of beams and plate
deflection theory, see [6, 7]. Several techniques [1-7] Where F (u) is a functional operator with known solutions
including  variational  iteration,  decomposition, explicit v , which can be obtained easily. It is clear that, for
and  implicit  finite  difference schemes, lines approach
and separation of variables have been applied to tackle H(u,p) = 0 (3)
such problems. Inspired and motivated by the ongoing We have
research in this area, we apply homotopy perturbation
method (HPM) to solve the singular fourth-order H(u,p) = F(u), H(u,1) = L(u)
parabolic partial differential equations with variable
coefficient. The singular fourth-order parabolic partial This shows that H(u,p) continuously traces an
differential equations are converted to a system of partial implicitly defined curve from a starting point H (v , 0) to a
differential equations by introducing a suitable solution function H (f, 1). The embedding parameter
transformation. The proposed HPM is applied to the monotonically increases from zero to unit as the trivial
resultant system of integro partial differential equations. problem F (u) = 0 is continuously deforms the original

efficiency of the proposed algorithm. 
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problem L (u) = 0. The embedding parameter p (0, 1] can
be considered as an expanding parameter [8-23]. The
homotopy perturbation method (HPM) uses the
homotopy parameter p as an expanding parameter [8-23]
to obtain

(4)

If p 1, then (4) corresponds to (2) and becomes the
approximate solution of the form,

(5)

It is well known that series (5) is convergent for most
of the cases and also the rate of convergence is
dependent on L (u); see [8-23]. We assume that (5) has a
unique solution. The comparisons of like powers of p give
solutions of various orders.

Numerical Applications: In this section, we apply HPM
to solve the re-formulated fourth-order parabolic partial
differential equations. Several examples are given to verify
the reliability and efficiency of the proposed algorithm. 

Example 3.1: Consider the following fourth-order singular
parabolic partial differential equation

With initial conditions 

and the boundary conditions

Using the transformation the above

problem can be converted to the following system of
partial differential equations

With initial conditions

The above system of differential equations can be
converted to the following system of integral equations 

Applying homotopy perturbation method (HPM), we get

Comparing the co-efficient of like powers of p,
following approximants are obtained



)( ( ) ( )

( )

( ) ( )

( ) ( )

3

2 3 4 5

(3) 2

3

3 4 5 6

( , ) sin sin sin

sin ,
2! 3! 4! 5!

:
( , ) sin sin

2!

sin sin ,
3! 4! 5! 6!

u x t x x x x t x x

t t t tx x

p tq x t x x x x t

t t t tx x x x

 = − − − + −

   

− + − −         


 
= − − + − − +     

     − − + − −       
   

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

4
2 3 4 5 6 7

(4) 2

4

3 4 5 6 7 8

( , ) ( sin ) sin sin

sin sin ,
2! 3! 4! 5! 6! 7!

:
( , ) sin sin sin

2!

sin sin
3! 4! 5! 6! 7!

u x t x x x x t x x

t t t t t tx x x x

p tq x t x x x x t x x

t t t t t tx x x x

= − − − + −

     
− + − − + − −          

     
 

=− − + − − + −  
 

   
− + − − + − −      

   

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 3

5

4 5 6 7 8 9

(5)
2 3 4

5

,
8!

( , ) ( sin ) sin sin
2! 3!

sin sin sin ,
4! 5! 6! 7! 8! 9!

:

( , ) sin sin sin
2! 3!

t tu x t x x x x t x x

t t t t t tx x x x x x

p
t t tq x t x x x x t x x










      

 

 
= − − − + − −  

 
     

+ − − + − − + − −          
     

 
=− − + − − + − −  

 

( ) ( ) ( )
5 6 7 8 9 10

4!

sin sin sin ,
5! 6! 7! 8! 9! 10!
t t t t t tx x x x x x










 
   
 

      + − − + − − + − −           
     

2 3 4 5
( , ) ( sin ) 1 ( sin ) .

2! 3! 4! 5!
tt t t tu x t x x t x x e−

 
= − − + − + − + = −  

 


2 4 4 4 4

2 2 4 2 4
1 12 2 0,

6! 6!
u x u y u

t x x y y

   ∂ ∂ ∂
+ + + + =      ∂ ∂ ∂   

6 6
( , ,0) 0, ( , ,0) 2 ,

6! 6!
u x yu x y x y
t

∂
= = + +

∂

6 6 6

2 4 2

2 2

2 4 2

2 2

1 (0.5) 1( , , ) 2 sin , (1, , ) 2 sin ,
2 6! 6! 6! 6!

1 (0.5) 1( , , ) sin , (1, , ) sin ,
2 24 24

1 (0.5) 1( , , ) sin , ( ,1, ) sin .
2 24 24

y yu y t t u y t t

u uy t t y t t
x x

u ux t t x t t
y y

  
= + + = + +      

∂ ∂
= =

∂ ∂

∂ ∂
= =

∂ ∂

( ),u q t
t

∂
=

∂

4 4

2 4

4 4

2 4

1( ), 2
6!

12 ,
6!

u q x uq t
t t x x

y u
y y

  ∂ ∂ ∂
= = − +   ∂ ∂ ∂  


  ∂

− +    ∂  

6 6
( , ,0) 0, ( , ,0) 2

6! 6!
x yu x y q x y= = + +

6 6

0

4 4 4 4

2 4 2 4
0

( , ) ( ) , ( , ) 2
6! 6!

1 12 .
6! 6!

t

t

x yu x t q t dt q x t

x u y u dt
x x y y

  
 = = − + +    


     ∂ ∂ − + + +        ∂ ∂     

∫

∫

( )( )2 2
0 1 2 0 1 2

0
4

2

6 6 4 42 0 10 1 2
4 4

0
4

2 2
4

44 4 4
20 1 2

2 4 4
0

,

12
6!

2
6! 6!

12
6!

t

t

t

u pu p u p q pq p q dt

x
x

x y u uq pq p q p dtp
x x

up
x

uy u up p p
y y y

+ + + = + + +

  
 +    
     ∂ ∂+ + + = + + −  +   

  ∂ ∂  
  ∂  + +  ∂  

  ∂ ∂ ∂
− + + +   ∂ ∂ 

∫

∫

∫

 





4 .dt
y
















  
 +   ∂ 



World Appl. Sci. J., 10(11): 1321-1327, 2010

1323

The solution is given as

Example 3.2: Consider the following singular fourth order
parabolic partial differential equation in two space
variables

With initial conditions

and the boundary conditions

Using the transformation the above

problem can be converted to the following system of
partial differential equations

With initial conditions

The above system of differential equations can be
converted to the following system of integral equations 

Applying homotopy perturbation method (HPM), we get



0
(0) 6 6

0

6 6

1
(1)

6 6

1

6 6

2
(2)

6 6 2

2

3
(3)

( , ) 0,
:

( , ) 2 ,
6! 6!

( , ) 2 ,
6! 6!

:

( , ) 2 ,
6! 6!

( , ) 2 ,
6! 6!

:

( , ) 2 1 ,
6! 6! 2!

( , ) 2

:

u x t
p x yq x t

x yu x t t
p

x yq x t

x yu x t t

p
x y tq x t

u x t

p

=



= + +

  

= + +     


= + +

  

= + +     


  
= + + −        

=
6 6 3

6 6 2 4

3

,
6! 6! 3!

( , ) 2 1 ,
6! 6! 2! 4!

x y tt

x y t tq x t

   
+ + −        


  

= + + − +        
6 6 3 5

4
(4)

6 6 2 4 5

4

( , ) 2 ,
6! 6! 3! 5!

:

( , ) 2 1 ,
6! 6! 2! 5! 6!

x y t tu x t t

p
x y t t tq x t

   
= + + − +        


  

= + + − + −        
6 6 3 5 7

5
(5)

6 6 2 4 6 8

5

6 6 3 5 7 9

6
(6)

6

6

( , ) 2 ,
6! 6! 3! 5! 7!

:

( , ) 2 1 ,
6! 6! 2! 4! 6! 8!

( , ) 2 ,
6! 6! 3! 5! 7! 9!

:

( , ) 2
6!

x y t t tu x t t t

p
x y t t t tq x t

x y t t t tu x t t

p
xq x t

   
= + + − + −        


  

= + + − + − +        

  
= + + − + − +    
  

= +
6 2 4 6 8 10

1 ,
6! 2! 4! 6! 8! 10!
y t t t t t






  
+ − + − + −        

.

6 6 3 5 7 9

6 6

( , , ) 2
6! 6! 3! 5! 7! 9!

2 sin .
6! 6!

x y t t t tu x y t t

x y t

  
= + + − + − + +    
  

 
= + +  
 



2 4 4 4

2 4 4 4

5 5 5

1 1 1
4! 4! 4!

1 1 1 cos ,

u u u u
z x yt x y z

x y z t
y z x x y z

 ∂ ∂ ∂ ∂   + + +     
   ∂ ∂ ∂ ∂ 

 
= − + + + + + 

  

( , , ,0) , ( , , ,0) 0,x y z uu x y z x y z
y z x t

∂
= + + =

∂

(

1 1 1( , , , ) 2 cos , (1, , , ) cos ,
2 2

1 1 1( , , , ) 2 cos , ( ,1, , ) cos ,
2 2

y yu y z t z t u y z t z t
y z y z

z zu x z t x t u x z t x t
z x z x

  = + + = + +  
  

   = + + = + +   
  

(1 1 1( , , , ) 2 cos , ( , ,1,, ) cos ,
2 2

x xu x y t y t u x y t y t
y x y x

   = + + = + +     

( ),u q t
t

∂
=

∂

4

4

( ),

1 ,
sin

u q t
t
q x u
t x x

∂ = ∂

∂ ∂  = − −  ∂   ∂

( ,0) sin , ( ,0) ( sin ).u x x x q x x x= − = − −

0

4

4
0

( , ) ( sin ) ( ) ,

( , ) ( sin ) 1 ,
sin

t

t

u x t x x q t dt

x uq x t x x dt
x x


 = − +


 ∂ = − − + − −  

  ∂

∫

∫

World Appl. Sci. J., 10(11): 1321-1327, 2010

1324

Comparing the co-efficient of like powers of p,
following approximants are obtained

The exact solution is recognized easily

Example 3.3: Consider the following three dimensional
non-homogeneous singular parabolic partial differential
equation

With initial conditions

and the boundary conditions

Using the transformation  the above 

problem can be converted to the following system of
partial differential equations

With initial conditions

The above system of differential equations can be
converted to the following system of integral equations 

Applying homotopy perturbation method (HPM), we get
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subject to the initial conditions

Comparing the co-efficient of like powers of p,
following approximants are obtained

The sequences tends to 

therefore, the exact solution is given as0

Example 3.4 Consider the Following Singular Fourth-
order Parabolic Equation:

and the boundary conditions 

Using the transformation  the above

problem can be converted to the following system of
partial differential equations

with initial conditions

Applying homotopy perturbation method (HPM), we get

Comparing the co-efficient of like powers of p, following
approximants are obtained
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4. Abdou, M.A. and A.A. Soliman, 2005. Variational

The solution in a series form is 

CONCLUSION

In this paper, we applied the homotopy perturbation
method (HPM) to solve re-formulated systems of singular
fourth-order parabolic partial differential equations with
variable co-efficient. The fact that the proposed algorithm
solves nonlinear problems without using the Adomian’s
polynomials can be considered as a clear advantage of
this technique over the decomposition method.
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