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INTRODUCTION

The notion of Mannheim curves was discovered by
A Mannheim in 1878. These curves in Euclidean 3-space
are characterized in terms of the curvature and torsion as
follows: A space curve is a Mannheim curve if and only
if 1ts curvature and torsion satisfy the relation.

K(s) = AR (s)7(s)

for some constant A.
Harmonic maps f(M,g)~(N,h) between Riemannian
manifolds are the critical points of the energy [1-7].

1 2

and they are therefore the solutions of the corresponding
Euler--Lagrange equation. This equation 1s given by the
vamishing of the tension field

Wf) = traceVdyf. (1.2)

As suggested by Eells and Sampson in [8], we can
define the bienergy of a map fby

B (=3 e e 13)

and say that is biharmonic if it is a critical point of the
bienergy [9].

Hang derived the first and the second variation
formula for the bienergy in [10], showing that the Euler--
Lagrange equation associated to E, 1s

0, (£)= 3 (2(£)) = —At(f) - traceR" (df T ( £))df

-0
(1.4)

Where ¥ 'is the Tacobi operator of £ The equation T,(f) = 0
is called the biharmonic equation. Since F is linear, any
harmomnic map 1s biharmomc. Therefore, we are interested
in proper biharmonic maps, that is non-harmonic
biharmonic maps [11-18].

In this paper, we study Mannheim curves in the
Lorentzian Heisenberg group Heis’. We characterize
Mannheim curves in terms of its timelike horizontal
biharmonic partner curves in the Lorentzian Heisenberg
group Heis®.

The Lorentzian Heisenberg Group Heis”: The Lorentzian
Heisenberg group Heis’ can be seen as the space R’
endowed with the following multiplication:

(J_c,;,;)(x,y,z) = (J_c+ x,}-&- y,;+ z— ;y+ x;).

Heis’ is a three-dimensional, connected, simply
connected and 2-step mlpotent Lie group.
The Lorentz metric g is given by

g =—dd + dy' + (xdy + dz)’
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The Lie algebra of Heis has an orthonormal basis

a 5} a 5}
T A _.e3

8z oy e o (2.1)

for which we have the Lie products
le2.e3]=2ey, [e5.6)] =0, [e;,¢] =0

with
glepe)) = gleg,e;)=1, gleg,e3) =—1.
Proposition 2.1: For the covariant derivatives of the

Levi-Civita connection of the lefi-invariant metric g,
defined above, the following is true:

0 e ey
V=les 0 ¢ (2.2)
e, —¢ O

where the (i, j)-element in the table above equals V, e;
i

for our basis
fep.k=1,2,3t = {e],eq,e3}.

We adopt the
convention for Riemanmnian curvature operator:

following notation and sign

R, NZ =NVl =V Vo — V2,
The Riemanman curvature tensor 1s given by
RX Y, Z W) =—gRX, V)Z,W).
Moreover we put
Rape = Rlegsep)ec. Rapeg = Rlegsepseceq),

Where the indices a, b, ¢ and d take the values 1,2 and 3.

Ry = 3Ry =,
Ry, =R, =-e,
Ry = Ry =3e;,

Ry =1, Rigis =1, Ry = 3, (2.3)
Timelike Biharmonic Curves In The Lorentzian
Heisenberg Group Heis™: et y: [ - Heis’ be a timelike
curve on the Lorentzian Heisenberg group Heis’

parametrized by arc length. Let {T, N, B} be the Frenet
frame fields tangent to the Lorentzian Heisenberg group
Heis® along y defined as follows:

T 1s the unit vector field ¥ tangent to ¥, N 1s the unit
vector field in the direction of VT (normal to ) and B is
chosen so that {T, N, B} is a positively oriented
orthonormal basis. Then, we have the following Frenet
formulas:

VT =xN,
VN =xT+1B, 3D
VB =-TN,

Where k is the curvature of y and ris its torsion. With
respect to the orthonormal basis {e,, e,, e;} we can write

T=1e +Te, +Tze;
N =N +Nye,y + Nies,
B=TxN= Be + Bye, + Bes.

Theorem 3.1: (see [18]) Let v I ~ Heis’ be a non-
geodesic timelike curve on the Lorentzian Heisenberg
group Heis’ parametrized by arc length. v is a timelike
non-geodesic biharmonic curve if and only if

Kk = constant # 0,
K7 — -1 + 4B,
T=—2NE,.
(3.2)

Corollary 3.2. (see [18]) Let vy :I - Heis’ be a non-
geodesic timelike curve on the Lorentzian Heisenberg
group Heis” parametrized by arc length. v is biharmonic

if and only if

k = constant # O,
T = constant,
N B =0,
K —7 —1+4B/.
(3.3)

Theorem 3.3: (see [18]) Let v :J ~ Heis’ be a non-
geodesic timelike curve on Lorenizian Heisenberg group
Heis’ parametrized by arc length. If N, # O then v is not
biharmonic.

Theorem 3.4: (see [18]) Let v I ~ Heis’ be a non-
geodesic timelike biharmonic curve on the Lorenizian
Heisenberg group Heis’ parametrized by arc length. If N,
# Q, then
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T(s) = sinheye; + cosheysinhiyr(s)e, + cosh ¢y coshyr(s)es,
(3.4
Where ¢, € R.

Mannheim Curves In The Lorentzian Heisenberg Group
Heis®: Consider a nonintegrable 2-dimensional
distribution (x, ¥)~ H, ,, in Heis’ defined as H = kerw,
where @ is a 1-form on Heis’. The distribution H is called
the horizontal distribution.

A curve s = y(3) = (x(s), M(5), 2(5)) is called horizontal
curve if ¥(s) € I, for every s.
Lemma 4.1: Let y :I ~ Heis' be a horizontal curve and @
is a !-form on Heis” Then,

w(y(s) =0 (4.1)
Proof: We use the equation of ¥,
Y's) =x(s)c +y()g +z1(s)g (4.2)
From (2.1) we have
3 0
a:e3,—:ez+xe3,£:el. 4.3)

Substituting (4.3) mto (4.2) we obtain
v(s) =x(s)e; + y(s)e, + w(y'(s))d,

Since ¥ 1s assumed to be a non-geodesic horizontal curve
we have (4.1).

xg (s) = Asinh[xs + peosh[is + p](sinh[xs + p]+ prs+ p2)—

Lemma 4.2: ¥y I - Heis' be a horizontal curve if and
only if

y'is) = x(s)e; + ysle; + @(y(s) = 2s) + x(s) y'(s)
(4.4

If ¥(s) 1s horizontal curve, then we have

, : : o8 o0 N
ys)=x (sl tyis)e, =x (S)a Y (S)gy —x(s)y (3)5-

(4.5
Using (2.1) and (4.5) we obtain

ts] ts] ts]
T=T—+T,—+ (T} — a(s)T,)—.
5 ox Zay (= s 2)82 (4.6)

Definition 4.3: Let y [ - Heis’ be a unit speed non-
If there exists a corresponding
relationship between the space curves v and B such that,

geodesic  curve.

at the corresponding points of the curves, the principal
normal lines of B coincides with the binormal lines of j3,
then B is called a Mannheim curve and y a Mannheim
partner curve of B. The pair {y, B} is said to be a
Mawnnheim pair.

Theorem 4.4: Let §:1 » Heis’ be a Mannheim curve and
y its timelike horizontal bikarmonic partner curve. Then,
the parametric equation of Mannheim curve B in terms of
its timelike horizontal biharmonic pariner curve ¥ of

Bare

A(cosh[xs + p](lsinh[ics+ pl+ po}sinh[rchr plicosh[xs+ p]+ lsinh[m+ P11+ Py
K K

yp(s) = Asinh[Rs + p](cosh[Rs+ p]- [%sinh[ﬁﬁ’s +pl+ P Jsinh[i}‘{s+ P — Acosh*[Rs + p].Ginh[Rs+ pl+ pis +py )+

1
§cosh[iﬁs + pl+ pa.

z2g(s)= Acosh[Rs + pleosh[Rs + p] - Asinh[Rs + plsinh[Rs+ p]

+ Ldinh[s + p]- L2 Snh2Ps+ply p
R R 2 4R

Where p, by, P P i» Os» are constants of integration.
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Proof: The covariant derivative of the vector field T 1s:

VT =Tie, + (T + 2073 ey + (T3 + 26575 e, (4.8)
From (3.4), we have

VT = (lp' cosh ¢y coshy (s) + Zsinh )y cosh¢, coshy (s))e, + (1;!’ cosh¢sinhy (s) + 2sinh ¢, cosh ¢, sinhy (s))e;.

Since [V;T| we obtain

K .
VD=0 gy~ s P (4.10)
Where peR.
Thus (3.4) and (4.10), imply
T =sinhye + coshgy sinh|[Rs + ple, +coshy cosh[Rs + pes, (411
Where ® =(—~— — 2sinhg,).
cosh,
On the other hand, using (4.5) and (4.6) we have
Ty =sinh¢, = 0. (4.12)
Thus, we choose
coshgpy,=1.%=x (4.13)

Using (3.1) m (4.11), we obtain
T = (cosh[xs+ p],sinh[xs + pl,cosh[xs + p]) — x(s)sinh[Rs + p]).
From (2.1), we get
T = (cosh[xs + p],sinh[xs + p],cosh[xs + p])— [1sinh[1cs + pl+ pOJsinh[Ks +pD,
K

Where g, is constant of integration.
On the other hand, suppose that B(s) i1s a Mannheim curve. Then by the defimtion we can assume that

Bs) = y(s) + AB(s) (4.14)
From (3.1) and (4.11), we get
V1T = kcosh[xs + ple, + ksinh[ks+ ples.
Where 3 x
By the use of Frenet formulas, we get

1
N="V,T
x ' (4.15)

= cosh[ks+ ple, + sinh[xs+ pes.
Substituting (2.1) in (4.15), we have
N = (smh[xs+ pl,coshks+ pl.cosh[xs+ pl(smh[xs+ p]+ prs+ pa)).

Noting that T*N = B, we have

B = (sinh[ ks + plcosh[ks + p](sinh[xs + p]+ pys + py ) — (cosh[xs + p]—[lSiIﬂl[KS+ pPl+ polsinh[rcwr plcosh[xs+ p].
K

sinh[xs + p]{cosh[xs+ p]— (;sinh[xﬁ P+ po}sinh[rcs + p1)— cosh[xs + pJeosh[xs + p](sinh[xs + p]+ pps + p4),

(4.16)
cosh[xs + plcosh[ws + p]—sinh[ks + plsinh[Rs + p]).

Next, we substitute (4.11) and (4.16) into (4.14), we get (4.7). The proof is completed.
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