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Abstract: In this paper, we introduce the concept of an anti image and anti pre-image of a bipolar L - fuzzy sub
¢ - HX group of a group G and discuss the properties of bipolar anti L - fuzzy sub ¢ - HX group under { - HX
group homomorphism and ¢ - HX group anti homomorphism.

Key words:

Bipolar L - fuzzy ¢ - HX group - Bipolar anti L - fuzzy ¢ - HX group - { - HX group homomorphism

+ { - HX group anti homomorphism  Anti image and anti pre-image of bipolar L - fuzzy subgroup

INTRODUCTION

The concept of fuzzy sets was initiated by Zadeh [1].
Then it has become a vigorous area of research in
engineering, medical science, social science, graph theory
etc. Rosenfeld [2] gave the idea of fuzzy subgroups. In
fuzzy sets the membership degree of elements range over
the interval [0, 1]. The membership degree expresses the
degree of belongingness of elements to a fuzzy set. The
membership degree 1 indicates that an element completely
belongs to its corresponding fuzzy set and membership
degree 0 indicates that an element does not belong to
fuzzy set. The membership degrees on the interval (0, 1)
indicate the partial membership to the fuzzy set.
Sometimes, the membership degree means the satisfaction
degree of elements to some property or constraint
corresponding to a fuzzy set. Li Hongxing [3] introduced
the concept of HX group and the authors Luo
Chengzhong, Mi Honghai, Li Hongxing [4] introduced the
concept of fuzzy HX group. The author W.R.Zhang [5]
commenced the concept of bipolar fuzzy sets as a
generalization of fuzzy sets in 1994. K.M. Lee [6]
introduced Bipolar-valued fuzzy sets and their operations.
In case of Bipolar-valued fuzzy sets membership degree
range is enlarged from the interval [0, 1] to [-1, 1]. In a
bipolar-valued fuzzy set, the membership degree 0 means
that the elements are irrelevant to the corresponding

property, the membership degree (0,1] indicates that
elements somewhat satisfy the property and the
membership degree [-1,0) indicates that elements
somewhat satisfy the implicit counter-property.
G.S.V.Satya Saibaba [7] initiated the study of L - fuzzy
lattice ordered groups and introduced the notions of L -
fuzzy sub ¢ - HX group. J.A Goguen [8] replaced the
valuation set [0, 1] by means of a complete lattice in an
attempt to make a generalized study of fuzzy set theory by
studying L - Fuzzy sets. R.Muthuraj, M.Sridharan [9]
introduced Homomorphism and anti-homomorphism on a
bipolar anti fuzzy sub HX groups. R.Muthuraj, T.Rakesh
kumar [10] defined some characterization of L — fuzzy ! -
HX group. In this paper we define the concept of an anti
image and anti pre-image of a bipolar L — fuzzy sub { - HX
group and study some of their related properties.

Preliminaries: In this section, we site the fundamental
definitions that will be used in the sequel. Throughout
this paper, G = (G, . ) is a group, e is the identity element
of G and xy, we mean x. y

Definition 2.1: A Bipolar L - fuzzy set p in G is a bipolar L
- fuzzy subgroup of G if for all x,yeG.

s Wxy)zp (x)AR(y)

¢ pRYy)spwE)VH(y)

¢ D)= X)) =R ().
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Definition 2.2: A Bipolar anti L - fuzzy set p in G is a
bipolar anti L - fuzzy subgroup of G if for all x,yeG.
Rxy)sp (x)Vp'(y)

wxy)zpw&)Ap(y)

)= ), T = (x).

Definition 2.3: Let pbe a bipolar L - fuzzy subset defined
on G. Let ¥ < 2°— {¢p} bea! - HX group on G. A bipolar
L - fuzzy set A" defined on ¥ is said to be a bipolar ! -
fuzzy sub ¢ - HX group on ¢ if for all A,Be ¢.

(A" (AB) > (&) (A) A (A")" (B)

(A") (AB) < (&) (A) V (&) (B)

(A" (A) =AY (AT

(A" (A)= (A" (AT

(A)" (AVB) = (A")" (A) A (A")" (B)

(A") (AVB) < (A*) (A) V (A*) (B)

(A)" (AAB) = (A")" (A) A (A" (B)

(A"y (AAB) = (A") (A) V (") (B)

where (1*)" (A) = max{p" (x) / for all xcA <G}
and
(M"Y (A)=min{ u (x)/ for all xeA < G}

Example 2.1: Let G={Z;- {0},. s} be a group and define a
bipolar L- fuzzy set p on G as p'(1)=0.7, u"(2) = 0.6, u'(3)
=0.6,u"(4)=0.6and p(1)=-0.8, u(2)=-0.5,n(3)=-0.5,
p4)=-0.5.

By routine computations, it is easy to see that p is a
bipolar L-fuzzy sub group of G.

Let ¥ = {{1,4}, {2,3}} be a{-HX group of G.
Let us consider A = {1,4}, B= {2, 3}.

5 A B A A B W A B
A A B A A A A A B
B B A B A B B B B

Define (A")" (A) = max{p" (x )/ for all xe A =G}
and
(A" (A)=min{p (x )/ for all xeAc G

Now

(A (A=Y ({1,4})=max {p'(1),u'(4)}= max {0.7,0.6} = 0.7
AN B=AY({2,3} max {u'(2),0'(3)}= max{0.6,0.6}=0.6
(A)(AB) = (A")'(B) = 0.6

(A (AANB)=(A)'(A)=0.7
(A'(AVB)=(A)'(B)=0.6

A A=A ({1,4})=min {u(1),0(4)}=min{-0.8,-0.5}= - 0.8
A BEAY({2,3})=min{u(2),u(3)}=min{-0.5,-0.5}= -0.5
(AY(AB) = (A*)(B)=-0.5

(AY(AAB)=(A")(A)=-0.8
AMAVB)=@AYB)=-0.5
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By routine computations, it is easy to see that A" is a
bipolar L-fuzzy sub ¢ - HX group of ¥.

Definition 2.4: Let pbe a bipolar L - fuzzy subset defined
on G. Let ¥ = 29— {¢p} be a ¢ - HX group on G. A bipolar
L - fuzzy set A"defined on ¢ is said to be a bipolar anti L -
fuzzy sub - HX group on ¢ if for all A,Be ¢.

(A)" (AB) < (A")" (A) V (A")" (B)

(A") (AB) > (A") (A) A () (B)

(A" (A)= (A" (AT

(A" (A) = (A" (AT

(A")" (AVB) < (A)" (A) V (A*)" (B)

(A") (AVB) > (&) (A) A (A (B)

(A")" (AAB) < (&) (A) V (A*)" (B)

(A" (AAB) = (A*) (A) A (A) (B)

where (A")" (A) = min{p" (x )/ for all xeA =G}
and
(A" (A) =max{ p (x)/ for all xc A= G}

Example 2.2: Let G={Z;- {0},. ;} be a group and define a
bipolar L- fuzzy set p on G as u'(1)=0.3, p'(2) = 0.7, u'(3)
=0.7,u’4)=0.7and p(1)=-0.4, u(2)=-0.6, 0’ (3)=- 0.6,
p4)=-0.6

By routine computations, it is easy to see that p is a
bipolar anti L-fuzzy subgroup of G.

Let ¢ = {{1,4}, {2,3}} bea!-HX group of G.
Let us consider A = {1, 4}, B= {2, 3}.

5 A B A B A B
A A B A A A A A B
B B A B A B B B B

Define (A*)" (A) =min{p" (x )/ for all xeA <G}
and
(A" (A) = max{p (x)/ for all xe A =G}

Now
A (A=A ({1,4})=min{p"(1),u"(4)}=min{0.3,0.7}= 0.3
A BEAN({2,3})=min{u'(2),n"(3)}=min{0.7,0.7}= 0.7
(A")(AB) = (A")'(B) = 0.7

A (AAB)=(A)(A) =03
A (AVB)=(A)'(B)=0.7

A (A=A ({1,4})=max{u(1),u(4)}=max{-0.4,-0.6}=- 0.4

A B)=(AY({2,3} Fmax{u(2),u(3)}=max{-0.6,-0.6}=-0.6
(A" (AB) =(A*y(B)=-0.6

A(AAB)=(A"(A)=-04

(A (AVB)=(A")B)=-0.6

By routine computations, it is easy to see that A" is a
bipolar anti L-fuzzy sub { - HX group of ¢}.
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Definition 2.5: Let ¥, and ¢}, be any two ! - HX groups
on G, and G, respectively. The function f: ¢ | - ¢, is
called an { - HX group homomorphism if for all ABin ¥ ,.
f(AB) = f(A) f(B),

f(AVB) =f(A) V f(B),

f(AAB) = f(A) M f(B).

Definition 2.6: Let ¥, and ¥, be any two 1 - HX groups
on G and G respectively. The function f: ¢, - ¥, is called
an ! - HX group anti homomorphism if for all AB in 9.
f(AB) = f(B) f(A),

f(A vB) =f(A) V f(B),

f(AAB) = f(A) N f(B).

Definition 2.7: Let G, and G, be any two groups. Let 9,
<29 — {¢} and ¥, 2% — {d} be any two 1 - HX groups
defined on G, and G, respectively. Let p = (u", w) and ot =
(o', o) are bipolar L - fuzzy subsets in G, and G,
respectively. Let A* =((A*)", (A*)) and n*=((n")", (n%)) are
bipolar L - fuzzy subsets in ¢ ,and ¥, respectively. Let f:
¥, - ¥, be a mapping then the anti image f,(A") of A" is
the bipolar L - fuzzy subset

£(AN=( (£(AY)", (£(A")) of ¥, defined as for each U € ¥,

min{(A*)HX): X e £ (U)}, if £ (U) =
(f, A" (U)=

1, otherwise

and

min{(A*)+HX): Xe £ U)}, if £ (U) % ¢
f, A" (U)=

-1 otherwise

and the anti pre-image £,7'(n%) of n® under f is the bipolar
L - fuzzy subset of ¥, defined as for each Xe ¢,

(£7' (M) (X) =M EEX)), €7 M) () = (M) (LX)

Properties of a Bipolar anti L - fuzzy sub { - HX group
under { - HX group homomorphism and { - HX group anti
homomorphism: In this section, we define the notion of
an anti image and anti pre-image of bipolar anti L - fuzzy
sub ¢ - HX group of a ¢ - HX group under { - HX group
homomorphism and I - HX group anti homomorphism.

Theorem 3.1: Let fbe a homomrphism from a ¢ - HX group
¥ ,intoal - HX group 9,. If n*=((m%)", (%)) is a bipolar
L - fuzzy subset of ¥ ,then £7'(n)) = [{'(nY)]°
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Proof: Let n“=((n%)", (%)) be a bipolar L-fuzzy subset of
¥, then for each X € ¥,
[F' (M) (X) = (")) (X))
=1-(m")" (f(X))
=1-7((") X
=[ ()X
'] =[f'((H))r
[F' ()] X) = (")) (X))
=-1-(M") (f(X))
=-1-f7(()) (X)

=[ (N X)
()T = ()N
Hence, f'((M")") =[f"'("F

Theorem 3.2: Let f be a homomorphism from a { - HX
group ¥,in to a ! - HX group o,. If A* =((A*)", (A*)) is a
bipolar L-fuzzy subset of ¥, then

f((A")) = (£.(A")°
« (A =AY
Proof: Let A* =((A")", (A")) be a bipolar L-fuzzy subset of
¥, then foreach X € ¢, Let f(X)=U ¢ 9,
o [f((A)]" (U) = max{((A*))"(X) :Xef'(U)}
=max {1- (A")"(X): Xef™'(U)}
= 1-min {(A*)"(X): Xef™'(U)}
= 1-£, (W) (U)
=[f. ()] V)
(A = £ ()
[F(A))] (U) = max {(A*))(X) Xef'(U)}
= max {-1- (A*)(X): Xef™'(U)}
= -1-min{(A*)(X): Xef™'(U)}
=-1-f, (A")) (U)

=[£ (AN OU)
(@AM =[f (AN
Hence, f{(A")) = (f(A")

¢ [f(A))] (U)= min{((A"))"(X) :Xef(U)}
=min{1- (A")"(X): Xef'(U)}
=l-max {(A*)"(X): Xef™'(U)}
=1-f((4")") (U)
=[ £(A)] (U)
(£ =[ £ (A
[£(A)] (U)= min {((A")*)(X) Xef™(U)}
=min{-1- (A")(X): Xef'(U
= -1-max {(A")(X): Xef'(U)}
=-1-£((4*)) (U)
=[N )
[L(A)] =T (AN
Hence, f,((A")°) = (f(AY))°
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Theorem 3.3: Let f be a homomorphism from a { - HX
group ¥, intoa ! - HX group 9, If A* =((A")", (A*))isa
bipolar anti L - fuzzy sub { - HX group of ¢}, then the anti
image f,(A") of A* under fis a bipolar anti L - fuzzy sub / -
HX group of ¢,

Proof: Let A* =((A")", (A")) be a bipolar anti L -
fuzzy sub - HX group of a # - HX group #,. For all A,B
in 9.
o (LA ((FAB)) = (f.(A") (f(AB))
= (A)(AB)
< (A"(A)V (A" (B)
<(LAN) @A)V () (f(B))
£(A") (FA(B)) < (£(AM) ANV (L(A)) (](B))
o (EA(HAB)) = (f(A") (f(AB))
= (A"Y(AB)
> (A (A) A (A (B)
> (LA (FA) A (EA)) (F(B))
(L(A) (FA(B))= (LA (fA) A (A (H(B))
o A ERAT) = EA)ERAT))
=A™
=(A)'(A)
= (£(A") ' (f(A)
A EA)T) = EA) (f(A)
o EAYERA)T = (A FA™)
= (AT
= (A" (A)
= (L) (f(A)
A EA)T) = EA))(H(A)
o (L(A") ((FA)VEB)) = (f.(A")) (f(A VB))
=)' (AVB)
< (A"(A)V (A" (B)
<(LAN) TADV(LAH) (|B))
(LA ((FA)VEB)) < (LA") (A V(L) (f(B))
« (EA(HA)VEB)) = (f.(A") (f(AVB))
= (A")(AVB)
> (A (A) A (A (B)
> (L(AM) (FANAE(AY)) (F(B))
(LA ((HAVEB)) = (L(A")) (FANAEAN)) (H(B))
o (L") ((FANMB)) = (f.(A") (FANB))
= (A")(A/B)
< (A"(A) V(A" (B)
<(£AN) ANV ER)) ((B))
(L)) ((HANMB)) < (LA TADV(E (AM)) (| B))
o (LA (FANMB)) = (f(A")) (A V B))
=(A"Y(AV B)
> (A (A) V(M) (B)
> (LAY ((A)) V (L(A") (f(B))
(LA ((FA) A (B)) > (F(AM) (FA) V (£(AM)) (f(B))
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Hence, f,(A"=((f,(1"))", (f,(A"))) is a bipolar anti L -
fuzzy sub ¢ - HX group of a { - HX group 9,

Theorem 3.4: The homomorphic anti pre-image of a
bipolar anti

L - fuzzy sub ¢ - HX group n*=((n")", (")) of al - HX
group ¥, is a bipolar anti { - fuzzy sub ¢ - HX group of a
{ - HX group ¢,

Proof: Let n1°=((n%)", (n")) be a bipolar anti L - fuzzy sub
1 - HX group of al- HX group #,.
¢ (F'MD(AB) =) ((AB))
=(M"'(f(A) f(B))
< (MY)'(f(A)) V (%) (f(B))
< (M) @A) V(' (M) (B)

(' M(AB) < (E'M)'(A) V(7' (n)(B)
« ('M(AB) =) (f(AB))
= (") (f(A) f(B))

= (M) (fA) A () (f(B))
> (7MY (A) A (' () (B)
> (7MY (A) A (' () (B)
=M (H@AT)
=M @A)
= (") (f(A)
=('(M))(A)
= (' (M'(@A)
=My AT
=M AT
= (M (f(A))
= (' (M@A)
= (' (M@A)
= (") (ftAVB))
=" (fA)V1(B))
= (MY (EA) V () (f(B))
< (' M AV E'M))'(B)
("M (AVB) < (' (M)A V (7' (n)(B)
(') (AVB) =M (fAVB))
=" (f(A) V £(B))
= (MY (HA) A () (f(B))
> (7'M (A) AT () (B)

(7' (n") (AB)
(' mY'A™)

('Y A™)
(')A

(')A
(f'(n")"(AVB)

(M (AAB) > (F7' (M) (A) A (' () (B)
« (') (AAB) =) (A AB))
=" (f(A) A f(B))

< M) ANV (%) (f(B))

< (7'M A) V(' (m))'(B)
E'MN'AAB) < (E'M)) AV (E'™M)'B)
(E'MNAAB) =) (HAAB))

= (M (f(A) A f(B))

= (M) (f(A) A () (f(B))

= (7'M (A) A E' (M) (B)
E'MNAAB) = (M)A AE (M) (B)
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Hence, (1) = ((F"'(M%)", (F~'(M")) is a bipolar anti
L - fuzzy sub ¢ - HX group of a { - HX group 9 ,.

Theorem 3.5: Let f be an anti homomorphism from a { -
HX group ¥ ,into a - HX group ¢, If A* =((A")", (A*)) is
a bipolar anti L - fuzzy sub ¢ - HX group of ¢, then the
anti image f,(A") of A" under f'is a bipolar anti L - fuzzy sub
# - HX group of ¥,

Proof: Let A* =((A*)",(1*)) be a bipolar anti L - fuzzy sub
0 - HX group of a { - HX group ¢, forall A,Bin ¢,.
o LA (B)) = (f(A") (f(BA))
= (A")(BA)
< (A BV(AY'(A)
< (A" (AV(AY)'(B)
< (L(A") (FA)V(E(AM)" ((B))
(LAY (f(BA))
(M) (BA)
2 (A (B) A (A)(A)
> (A (ANA")(B)
> (LAY (AN (L") (f(B)
o (L)) (HA)T) = (L") (FA™)
=A™
(A"(A)
(f(A") (f(A)
(f(A")'(f(A))
AN (FAT)
= (A" (AT
=AY (A)
= (f(A")) (f(A)
AN (AT = (L") (f(A)
o (LA ((FAVEB)) = (f.(A") (fAVB))
(A" (AVB)
< (A"(A)V(A"(B)
<(L(A) (FA)V(£(AY)) (f(B))
(EA) (HAVEAB)) <(£(A") (FANV(E(A")) (f(B))
o (LA ((FAVEB)) = (f.(A")) (f(AVB))
= (AYY( AVB)
> (A" (A) A (M) (B)
> HA))(f(A)) A (L(A")) ((B))
(EA) (HAVEB)) =(E(A"))(f(A) A (E(AM))(f(B))
o (£ ((FAN(B)) = (f.(A") (fANB))
= (A" (AAB)
< (A)"(A)V A" (B)
< (L(A")(f(A) V (f.(A")((B))
(E(A) (FANMB)) < (£(AM) (FA) V (£(A") ((B))
s (LA ((HAN(B)) = (£(A")) (f(ANB))
(A ( ANB)
> (A (A) A () (B)
> (LAY (f(A)) A (F(AM)) (f(B))
(EA(EANMB)) = (FAM)(HA)) A (F(AM) (H(B))

o LAY ((fA) f(B))

(L) (®A)™
» (AN (EA)T)
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Hence, f,(A")=((f,(A"))", ( £(1"))) is a bipolar anti L -
fuzzy sub ( - HX group of a { - HX group 9.,.

Theorem 3.6: The anti homomorphic anti pre-image of a
bipolar anti L - fuzzy sub - HX group n*“=((n")", (n%)) of
a ! - HX group 1, is a bipolar anti L - fuzzy sub ¢ - HX
group of a { - HX group ¢,

Proof: Let *=((1")", (n“)) be a bipolar anti L - fuzzy sub
¢ - HX group of a ¢ - HX group ¥,.
« (f7'(n")(AB) = (M) (f(AB))
= (M) ({B)f(A))
< (MY({(B)) V (M) (f(A)
< (MY'(fA) V () ((B))
< (' M (A) V(' () (B)
f'MN'(AB) < (') (A) V (£7'(n%))(B)
« (f'(n))(AB) =(n") (f(AB))
= (M) (f(B)I(A))
= (M) (f(B) A (M) (f(A))
> (MY (f(A) A () (H(B))
> (7'M A) A (£7'(n9))(B)
E'MD)(AB) = (') (A) A (f' (")) (B)
o (') (ATH =(M")(f(A™)
=M’ ®A)T)
= (M) (f(A))
="' (")'(A)
E'MNAT) =E'MNA)
o (F'MHAT =M (fA™)
=M (fA)™)
= (M) (f(A))
="' (M) (A)
M AT =E"' MDA
« (f'(")'(AVB) = (M) (f(AVB))
=M (fA) V f(B))
< (MY'(fA) V () ((B))
< ©'MNA) V(') (B)
(f"'(n"))"(AVB) < ©'MNA) V(') (B)
« (f'(n")(AVB) = (M) (ftAVB))
=M (f(A) V {(B))
> (MY (f(A) A () (H(B))
= (7'M (A) A (' () (B)
E'MH)(AVB) = (f'("))(A) A (£7'(n"))(B)
« (f7'(n") (AAB) = (M) (f(AAB))
=M (f(A) V {(B))
< (MY(f(A) V (M) (f(B))
< (M)A V(' (") (B)
7)) (AAB) < (f7'(n")"(A) V (£ (")) (B)
« (f'("))(AAB) =(n*) (f(A/\B))
=(n")(f(A) A 1(B))
= (M) (f(A)) A (n°) (f(B))
> (7 () (A) A (F'(n") (B)
(f"'(n")) (AAB) = (7'M (A) A (E'()(B)
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Hence, £~'(n%) = (f~'(m%)", (f7'(1%)) is a bipolar anti
L - fuzzy sub ¢ - HX group of a { - HX group 9 ,.

CONCLUSION

In this paper we discuss the notion of an anti image
and anti pre-image of bipolar anti L - fuzzy sub { - HX
group of a ¢ - HX group under ¢ - HX group
homomorphism and { - HX group anti homomorphism.
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