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Abstract: In this paper, the new kind of parameter split perfect domination number in a fuzzy graph is defined
and established the parametric conditions. Another new kind of parameter regular split perfect domination

number is defined and established the parametric conditions. The properties of split perfect domination number

and regular split domination numbers are discussed.
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INTRODUCTION

The study of dominating set in graphs was begun
by Ore and Berge [1]. Kulli V.R. et al. [2] introduced the
concept of split domination in graphs. In 1975, Rosenfeld
introduced the notation of fuzzy graph theoretic
concepts such as paths, cycles, connectedness and
etc. Mahioub subatah et al. [3] investigated the split
domination number of fuzzy graphs. Ponnappan C.Y.
et al. [4] discussed the strong split domination number
of fuzzy graphs. Nagoorgani, A. and K. Radha, [5]
introduced the concept of regular fuzzy graphs.
Ravi Narayanan, S., et al. [6] discussed the regular
domination in fuzzy graphs. Revathi, S. et al. [7]
introduced the concept of perfect domination in fuzzy
graphs. In this paper we discussed the split perfect
domination, regular perfect domination and regular split
perfect domination in fuzzy graphs and establish the
relationship with parameter which is also investigated.

Preliminaries

Definition: A fuzzy graph G = (o, p) is a pair of
functions s: V —[0,1] is a fuzzy subset, p: VXV—[0,1]
is a fuzzy relation on the fuzzy sub set o, such that
p(u,v) <s(u) As(v) forallu, ve V.

Definition: A fuzzy graph G = (g, p) with the underlying
set V, the order of G is defined and denoted by
0(G)= Zs(u) and size of G is define and denoted by

ueV

S(G)= Y u(uv)

u,veV

Definition: Let G = (g, p) be a fuzzy graph. The degree of
anode is defined as d(u)= 2 p(u,v) .

v#u,veV

Definition: Let G=(s,yu) be a fuzzy graph. Let u, veV.

We say that u dominates v in G if (u, v) is a strong arc or
strong edge. A subset D of V is called a dominating set of
G if for each vertex v is not in D, there exists ueD such
that u dominates v.

Definition: A dominating set D of a fuzzy graph G is
said to be a minimal dominating set, if for each vertex v in
D, D-{v} is not a dominating set of G.

Definition: The minimum fuzzy cardinality of a minimal
dominating set of G is called the domination number of a
fuzzy graph G. It is denoted by v{(G).
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Definition: A dominating set D of a fuzzy graph G = (a, p)
is a split dominating set if the induced sub graph <V-D>
is disconnected.

Definition: A dominating set D of a fuzzy graph G is said
to be a minimal split dominating set, if for each vertex v in
D, D-{v} is not a split dominating set of G.

Definition: The minimum fuzzy cardinality taken over all
minimal split dominating set of G is called the split
domination number of a fuzzy graph G. It is denoted by

v(G).
Example: Consider the fuzzy graph G,
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Split dominating set D = {b, d}
Split domination number v (G) = 0.3
V-D = {a, ¢} is disconnected

Definition: The dominating set D of a fuzzy graph
G = (o, p) is said to be regular dominating set if every
vertex in D is of same degree.

Definition: A dominating set D of a fuzzy graph G is said
to be a minimal regular dominating set, if for each vertex v
in D, D-{v} is not a regular dominating set of G.

Definition: The minimum fuzzy cardinality taken over all
minimal regular dominating set of G is called the regular
domination number of a fuzzy graph G. It is denoted by

Y{(G).

Example: Consider the fuzzy graph G
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Regular dominating set D = {b, d}
Regular domination number = 0.9
deg(b) =0.5

deg(d)=0.5

Here, every vertex in D has same degree.

Definition: The dominating set D of a fuzzy graph
G = (o, n) is said to be regular split dominating set if
every vertex in D is of same degree and <V-D> is
disconnected.

Definition: A dominating set D of a fuzzy graph G is said
to be a minimal regular split dominating set, if for
each vertex v in D, D-{v} is not a regular split dominating
set of G.

Definition: The minimum fuzzy cardinality taken over all
minimal regular split dominating set of G is called the
regular split domination number of a fuzzy graph G. It is
denoted by v.(G).

Example: Consider the fuzzy graph G

' &

@) 0y b9 o03)

‘e:jis; 03 e
Regular split dominating set D = {b, d}
Regular split domination number v,(G) = 0.9
V-D = {a, c, e} is disconnected.

Definition: Let G=(s ,u) be a fuzzy graph. Let u, veV.
The vertex u dominates the vertex v in G if (u, v) is a
strong arc or strong edge. A subset P of V is called a
perfect dominating set of G if for each vertex v is not in P
and v is dominated by exactly one vertex of P.

Definition: A perfect dominating set P of a fuzzy
graph G is said to be a minimal perfect dominating set, if
for each vertex v in P, P-{v} is not a perfect dominating
set of G.

Definition: The minimum fuzzy cardinality of a minimal
perfect dominating set of G is called the perfect
domination number of a fuzzy graph G. It is denoted by

Yol G)-
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Example: Consider the fuzzy graph G
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Perfect dominating set = {e}
Perfect domination number = 0.3

Properties of Split Perfect Dominating Set in
Fuzzy Graph Using Strong ARCS: In this section, we
introduce the concept of split perfect dominating set in
fuzzy graph using strong arcs and also discuss some
parameters.

Definition: A perfect dominating set S, of a fuzzy graph
G is said to be a split perfect dominating set if the induced
fuzzy sub graph <V- § > is disconnected.

Definition: The minimum fuzzy cardinality of a split
perfect dominating set is said to be a split perfect
domination number and it is denoted by ?sp G).

Definition: A perfect dominating set S, of a fuzzy graph
G is said to be a strong split perfect dominating set if the
induced fuzzy sub graph <V- S, > is totally disconnected
with at least two vertices.

Definition: The minimum fuzzy cardinality of a strong split
perfect dominating set is said to be a strong split perfect
domination number and it is denoted by ?ssp (G).

Theorem: A perfect dominating set S, of a fuzzy graph G
is a strong split perfect dominating set if and only if there
exists two fuzzy vertices u, v € V- S, such that every u-v
path contains a fuzzy vertex of S,

Proof: Let us verify this by considering the following

example.
Consider the fuzzy graph G
03 y£07)
- 09 0/ 44 \09
o (04)
. ¢ 005
a0n (04) “Oh0g  d03) g0.6)

Split perfect dominating set = {a, e};
<V-§,>=1{b,c,d,f, g} is disconnected

Split perfect domination number ?sp G) =14

Strong split perfect dominating set S_,= {a, e}
<V-§,,>={b, c, d, f, g} is totally disconnected with at
least two vertices

Strong split perfect domination number = ? (G) =1.4.
Here, we see that there exists b, ceV- S, such that b-c
path contains a vertex ‘a’.

Theorem: Every split perfect dominating set of a fuzzy
graph is a perfect dominating set.

Proof: By wusing the definition of split perfect
dominating set, if the induced fuzzy sub graph <V- S >is
disconnected and every vertex v not in S, v is dominated
by exactly one vertex in S, which is a perfect dominating
set of a fuzzy graph.

Theorem: Every strong split perfect dominating set of a
fuzzy graph is a split perfect dominating set.

Proof: By using the strong split perfect dominating set
and split perfect dominating set of a fuzzy graph, we have
every strong split perfect dominating set of a fuzzy graph
as a split perfect dominating set.

Theorem: Let G be a fuzzy graph, then ? (G) > ?,(G)
where 7 (G) is the strong split perfect domination
number and ? (G) is the perfect domination number of a
fuzzy graph.

Proof: Let us verify this by considering the following
example.
Consider the fuzzy graph G

c.EUS) .«':'F(M}
/ (04 (03} | 06
a0 T oy d0Y SR )

Perfect dominating set = {b, e};

<V-§,>={a,c,d,f, g}

Perfect domination number = 1.3

Strong split perfect dominating set S_,= {a, e}
<V-S§,>={b, c, d, f, g} is totally disconnected with at
least two vertices

Strong split perfect domination number = ?ssp G)=14.
Here, we see that 2 (G) > ?,(G)
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Properties of Regular Perfect Dominating Set in Fuzzy
Graph Using Strong Arcs and Strong Fuzzy Graph:
In this section, we introduce the concept of regular
perfect dominating set of a fuzzy graph using strong arcs
and discuss its properties.

Definition: Let G be a fuzzy graph. A perfect dominating
set P, is said to be a regular perfect dominating set if all
the vertices in P, has the same degree of a fuzzy graph G

Definition: A regular perfect dominating set P, of a fuzzy
graph G is said to be a minimal regular perfect dominating
set if for each vertex v in P,, P-{v} is not a dominating set
of G.

Definition: The minimum fuzzy cardinality of a minimal
regular perfect dominating set of G is called the regular
perfect domination number of a fuzzy graph G. It is
denoted by v,(G).

Definition: The maximum fuzzy cardinality of a minimal
regular perfect dominating set of G is called the upper
regular perfect domination number of a fuzzy graph G. It
is denoted by G, (G) .

Example: Consider the fuzzy graph G

(0.3) ©.3)
x(0.4) 04) w(0.7)

Regular perfect dominating sets = {u, v}, {v, w},
{w, x}, {x,u}

Minimal perfect dominating set = {x, u}

Regular perfect domination number = 1

Upper regular perfect domination number = 1.2

Theorem: Let G be any fuzzy graph. A perfect dominating
set of a fuzzy graph G is minimal regular perfect
dominating set if and only if for each vertex ueP, at least
one of the following conditions holds.

L
il.

u is not a strong neighbor of any vertex in P,
For every vertex ueP,, there exists a vertex v in V-P,
such that N(v) n P, = {u}

Proof: Suppose we assume that P, be a minimal regular
perfect dominating set of a fuzzy graph G. If for every
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vertex ueP, such that u satisfy any conditions of (i) and
(ii). Then P, is not a minimal regular perfect dominating
set. Hence proper subset P-{u} is a perfect dominating
set of G.

Let Pr be a regular perfect dominating set and for
each ueP, at least one of two conditions holds. Suppose
we assume P, is not a minimal perfect dominating set of G,
then for every vertex ueP, such that P-{u} is a perfect
dominating set. But u dominates to exactly one vertex v in
P.. That is when N(v)nPr = {u}, (ii) condition does not
hold and this contradicts our assumption. Therefore, P is
a minimal perfect dominating set of G.

Example: Consider the fuzzy graph G

05 049 b6 d03)
02) (02)
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Minimal regular perfect dominating set P,.= {c, f, h}
Regular perfect domination number = 1.7

N(c) = {b, d, f}; N(c)nP, = {b, d, f}n{c, f, h} = {f}

N(D) = {c, e}; N(DP,= {c, ejnic, f; h} = {c}

N(h) = {a, g}; N(h)nP, = {a, gin{c, f,h} = ¢

Here, (i) u is not a strong neighbor of any vertex in P, is
satisfied.

N(a) = {b, h}; N(a)nP, = {b, h}n{c, f, h} = {h}

N(b) = {a, c}; N(b)nP, = {a, c}n{c, f, h} = {c}

N(d) = {c}; N(d)nP, = {c}n{c, f, h} = {c}

N(e)={f}; N(e)nP, ={f}n{c, f, h}={f}

N(g)={h}; N(g)nP, ={hin{c, f, hj=t{h}

Here, (ii) For every vertex ucP, there exists a vertex v in V-
P, such that N(v) n P, = {u} is satisfied.

Theorem: A regular perfect dominating set exists for any
regular strong fuzzy graph G.

Proof: Let G be a regular strong fuzzy graph. It is clear
that d(v)) _k, for everyv,eG. Suppose a strong fuzzy graph
G has a perfect dominating set, obviously, it contains the
fuzzy vertices with d(v;) = k for every v eP . Therefore,
every regular strong fuzzy graph is a regular perfect
dominating set and it exists for strong fuzzy graph.

Theorem: Let G be a complete fuzzy graph with same
membership values for every vertex. Then y,(G) = a(u) for
allueVv
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Proof: Let G be a complete fuzzy graph with a(u;)’s equal.
So, the degree of every vertex of G are equal. Also, we
know that every vertex of G is a perfect dominating set. It
is clear that, v,(G) = a(u) for all ue'Vv.

Example: Consider the complete fuzzy graph G,

?a(o_s)
/| 0.6
(0'6)(0.6) 0.0
(0l6)
f0.6) §—0-6) 9b(0.6)
N/ 0.6)
s / 0.6
©06| \ 0:6) [(06) : (0.6)
(0_.6)
(0.6)
CON (0.6)
®d(0.6)

Regular perfect dominating set P, = {a} or {b} or {c} or
{d} or {e} or {f}

Regular perfect domination number y,(G) = a(u) = (0.6) for
allueVv

Theorem: Let G be a complete bipartite fuzzy graph
with o(u;) = k and a(v;) = k for every u,cV, and v,eV,, then
¥+(G) = 2k.

Proof: Let G be a complete fuzzy graph with o(u,) =k and
a(v;) = k for every ugV ;and vV, By the definition of
regular perfect dominating set = {min a(yu,;), min o(v,):
ueV,,vieV,, clearly, d(u) = d(v) Therefore, regular perfect
dominating set exists. That is, y,,(G) = 2k.

Example: Consider the complete bipartite fuzzy graph G

a05) -
A "_.b(f'--)
(0:3) 0 |
(0.5) (0.5)
rfoa ‘e(o.S) dEM) o c(09)

Regular perfect dominating set = {a, f} or {a, e} or {a, d}
or {a, c} or {b, f} or {b, e} or {b, d} or {b,c}

Regular perfect domination number = k+k = 2k = 0.5+0.5
=2(0.5)=1
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Theorem: For any strong fuzzy graph G, there is a fuzzy
path with a(u;) = k for every u,cV_ Then a regular perfect
dominating set exists.

Proof: For any strong fuzzy graph G there is a fuzzy path
with o(u;)=k for every u;e V. Regular perfect dominating
set has the vertices of the same degree except the fuzzy
pendent vertices. It is clear that v,(G) = {u;: i is not equal
to 1 or n}. Therefore, regular perfect dominating set exists
by using the definition of regular perfect dominating set.

Example: Consider the fuzzy graph G
<(05)
[ ]

©3)
€0

b(0.5) & 0.5)

0d(03)
o (0'-l51
o o109
a(0.5)
Regular perfect dominating set = {b, e}
deg(b)=1
deg(e)=1

Properties of Regular Split Perfect Dominating Set in
Fuzzy Graph Using Strong ARCS: In this section, we
introduce the concept of regular split perfect dominating
set in fuzzy graph using strong arcs, strong fuzzy graph
and also discuss some parameters.

Definition: A split perfect dominating set S, of a fuzzy
graph G is said to be a regular split perfect dominating set
if all the vertices in S,, has the same degree of a fuzzy
graph G,

Definition: A regular split perfect dominating set S, of a
fuzzy graph G is said to be a minimal regular split perfect
dominating set if for each vertex vin S, S,, -{v} is not a
dominating set of G.

Definition: The minimum fuzzy cardinality of a minimal
regular split perfect dominating set of G is called the
regular split perfect domination number of a fuzzy graph
G. It is denoted by ?rsp (G).

Definition: The maximum fuzzy cardinality of a minimal
regular split perfect dominating set of G is called the upper
regular split perfect domination number of a fuzzy graph
G. It is denoted by G, (G).
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Theorem: For a regular fuzzy graph G, v,(G) < v,,(G)

Proof: It is clear that every regular split perfect
dominating set is a perfect dominating set. We get v,(G)

< ¥i(G)

Theorem: For any fuzzy graph G, if S is a regular split
perfect dominating set, then V- S is a dominating set of
a fuzzy graph.

Proof: Let u be any vertex in S,. Since G has no isolated
vertices, there is a vertex veN(u). It is clear that every
regular split perfect dominating set is a perfect dominating
set such that ve V- S, Hence every vertex of S,, dominates
some vertices of V- S, Hence, V- S, is a dominating set of
fuzzy graph G.

Theorem: A regular split perfect dominating set of a fuzzy
graph is minimal, if and only if for each vertex veP, one of
the following conditions holds.

(i) There exists a vertex ue V-P,, such that
N@u) nP,= {v}

(i) v is an isolated vertex in <P >

(iii) <V-D> is connected.

Proof: Suppose we assume that P is minimal perfect
dominating set and there exists a vertex veP,, such that v
does not satisfy any one of the above conditions, then by
conditions (i) and (ii), P,,’= P,-{v} is a perfect dominating
set of a fuzzy graph G, also by (iii)), <V- P> is
disconnected which implies that P’ is a regular split
perfect dominating set of a fuzzy graph G which is a
contradiction to our assumption. Therefore, a regular split
perfect dominating set is minimal satisfies one of the
above conditions. Hence proved.

Example: Consider the fuzzy graph G

385

Regular split perfect dominating set P, = {b, g} is also
a perfect dominating set

Regular split perfect domination number = 1
V-P.={a,c,d,e,f, h,i} is a dominating set
N(a) n P, = {b, f} n {b, g}= {b}
N(c)nP,={b,d} n {b, g}= {b}

N(d) nP,= {b,c} n {b, g} ={b}

N(e) n P, = {b, f} n {b, g} = {b}

N nP,={a,e, b} n{b, g} ={b}

N(h) n P = {g} n {b, g} = {g}

N@) NP, ={g} n {b, g} = {g}

Theorem: Let G be a fuzzy path with o(u;) = k for every
u;€V and having all effective edges (that is G be a strong
fuzzy graph) then regular split perfect dominating set y,,
set exists.

Proof: Let G be a fuzzy path with o(u;) =k for every u,eV
and having all effective edges, the regular split perfect
dominating set= { u;: i # 1 or n } such that P, is a regular
split perfect dominating set and <V-P > is disconnected.
Therefore, v, set exists.

Example: Consider the fuzzy graph G

Bo3)

03
Lol e

03

Regular split perfect dominating set = {b, e} exists.
Regular split perfect domination number = 0.6
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