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INTRODUCTION intersection of -closed sets including S. And the interior

In [1-3], csaszar founded the theory of generalized contained in S.
topological  spaces  and  studied  the extremely
elementary character of these classes. Especially he Definition 2.2: Let (X, ) be a generalized topological
introduced the notions of continuous functions on space and A X. Then A is said to be
generalized topological spaces and investigated -semi-open [2] if A  c (i (A)),
characterizations  of  generalized   continuous  functions -preopen [2] if A i (c (A)),
(= ( , µ)-continuous functions in [3]). In [4-6], Min - -open [2] if A i (c (i (A))),
introduced the notions of weak ( , µ)-continuity, almost - -open [2] if A c (i (c (A))),
( ,  µ)-continuity, ( ,   µ)-continuity, ( , µ)-continuity, -b-open [8] if A c (i (A)) i (c (A)),
( , µ)-continuity and ( , µ)-continuity on generalized -regular open [9] if A= i (c (A)).
topological spaces.In [7], Jayanthi introduced the notion
of contra continuous functions on generalized topological The complement of -semi-open (resp. -preopen, -
spaces. -open, - -open, -b-open, -regular open) is said to be

The purpose of this paper is to introduce the notion -semi-closed (resp. -preclosed, - -closed, - -closed,
of almost contra (b, µ)-continuous function. Also the -b-closed, -regular closed).
relationships between almost contra (b, µ)-continuous Let us denote by ( ) (briefly  or ) the class of all
functions and the other forms are investigated. -semi-open sets on X, by ( ) (briefly or ) the class

Preliminaries class of all - -open sets on X, by ( ) (briefly  or )
Definition 2.1 [3]: Let X be a nonempty set and  be a the class of all - -open sets on X, by b( ) (briefly b  or
collection of subsets of X. Then  is called a generalized b) the class of all -b-open sets on X. 
topology (briefly GT) on X if  and G  for i Ii

implies G = i  G . We say  is strong if X  and we Remark 2.3 [9]: Let (X, ) be a generalized topologicalI i

call the pair (X, ) a generalized topological space (briefly space. Then we have the following implications.
GTS) on X.

The elements of  are called -open sets and their Lemma 2.4 [2]: Let (X, ) be a generalized topological
complements are called -closed sets. The generalized space and A X. Then A is - -open if and only if it is -
closure of a subset S of X, denoted by c (S), is the semi-open and -preopen.

of S, denoted by i (S), is the union of -open sets

X X

X X

of all -preopen sets on X, by ( ) (briefly  or ) theX X

X X

X X
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Definition 2.5 [10]: A GTS (X, ) is said to be -extremally
disconnected if the -closure of every -open set of X is

-open in X.

Definition 2.6 [11]: A set A in a GTS (X, ) is called -
clopen if it is both -open and -closed.

Definition 2.7 [11]: A subset A in a GTS (X, ) is said to
be -locally -closed set (briefly, -LC set) if A = M N,
where M is a -open set and N is a -closed set.

Definition 2.8[12]: A GTS (X, ) is said to be -connected
if it cannot be expressed as the union of two nonempty,
disjoint -open sets.

Definition 2.9 [6]: Let (X, ) and (Y, µ) be GTS’s. Then a
function f : (X, )  (Y, µ) is said to be ( , µ)-open if the
image of each -open set in X is an µ-open set of Y. 

Definition 2.10 [13]: Let f : (X, )  (Y, µ) be a function
from a GTS (X, ) to a GTS (Y, µ). Then the function g : X

 X × Y defined by g(x) = (x, f(x)) is called the -graph
function of f. Recall that for a function f : (X, )  (Y, µ),
the subset {(x, f(x)): x  X} X × Y is called the -graph of
f and is denoted by G(f).

Theorem 2.11 [7]: Let (X, ) and (Y, µ) be GTS’s. Then a
function f : X  Y is contra ( , µ)-continuous if and only
if it is both contra ( , µ)-continuous and contra ( , µ)-
continuous.

Definition 2.12 [13]: Let (X, ) and (Y, µ) be GTS’s. Then
a function f : (X, )  (Y, µ) is said to be (b, µ)-continuous
if for each µ-open set U in Y, f (U) is -b-open in X, ( -1

LC, µ)-continuous if for each µ-open set U in Y, f (U) is1

-locally -closed in X.

Definition 2.13 [13]: A filter base  is said to be -b-
convergent to a point x in X if for any -b-open set M in
X containing x, there exists a set N  such that N  M.

Definition 2.14[13]: A GTS (X, ) is said to be -b-
connected if it cannot be expressed as the union of two
nonempty, disjoint -b-open sets.

Definition 2.15[13]: A GTS (X, )  is  said  to  be -b-T1

if  for  each  pair  of  distinct  points x and y of X, there
exist -b-open sets M and N containing x and y
respectively such that y not belongs to M and x not
belongs to N.

Definition 2.16 [13]: A GTS (X, ) is said to be -b-
compact if every -b-open cover of X has a finite
subcover.

Definition 2.17 [13]: GTS (X, ) is said to be -Urysohn
if for each pair of distinct points x and y in X, there exist

-open sets U and V such that x  U, y  V and c (U)
c (V) = .

Definition 2.18 [14]: A GTS (X, ) is said to be -b-T  if2

for each pair of distinct points x and y of  X,  there  exist
-b-open sets M and N containing x and y respectively

such that x  U, y  V and c (U) c (V) = f. 

Almost Contra (b, µ)-Continuous Functions: In this
section, we introduce the notion of almost contra (b, µ)-
continuous function.

Definition 3.1: Let (X, ) and (Y, µ) be GTS’s. Then a
function f : (X, )  (Y, µ) is said to be contra (b, µ)-
continuous if for each µ-open set U in Y,f (U) is -b-1

closed in X, almost contra (b, µ)-continuous if the inverse
image of each µ-regular open set in Yis -b-closed in X. 

Theorem 3.2: Let f : (X, )  (Y, µ) be a function and let g:
X X × Ybe the -graph function of f, defined by g(x) = (x,
f(x)) for every x  X. If g is almost contra (b, µ)-
continuous, then f is almost contra (b, µ)-continuous.

Proof: LetAbe a µ-regular closed set in Y,then X × Ais a
-regular closed set in X × Y. Since g is almost contra (b,

µ)-continuous, then f (A) = g (X × A) is -b-open in X.1 1

Thus, f is almost contra (b, µ)-continuous.

Definition 3.3: A filter base  is said to be -rc-
convergent to a point x in X if for any -regular closed set
M  in  X containing  x,  there exists a set N  such that
N  M.

Theorem 3.4: If a function f : (X, )  (Y, µ) is almost
contra (b, µ)-continuous, then for each point x  X and
each filter base  in X -b-converging to x, the filter base
f( ) is µ-rc-convergent to f(x).
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∏

i j≠
∏
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∏
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Proof: Let x  X and  be any filter base in X -b- Theorem 3.10: If f : (X, )  (Y, µ) is almost contra (b, µ)-
converging to x. Since f is almost contra (b, µ)- continuous injective function and (Y, µ) is µ-Urysohn,
continuous, then for any µ-regular closed set M in Y then (X, ) is -b-T .
containing f(x), there exists a -b-open set N in X
containing x such that f(N)  M. Since  is -b- Proof: Suppose that (Y, µ) is µ-Urysohn. By the
converging  to  x, there exists a P  such that P  N. injectivityof f, it follows that f(x)  f(y), for any distinct
This means that f(P)  M and therefore the filter base f( ) singletons x and y in X. Since Y is µ-Urysohn, there exists
is µ-rc-convergent to f(x). -open sets M and N such that f(x)  M, f(y)  N and

Theorem 3.5: If f : (X, )  (Y, µ) is almost contra (b, µ)- continuous, there exists -b-open sets P and Q in X
continuous surjective function and X is -b-connected containing x and y respectively, such that f(P)  c (M)
space, then Y is µ-connected space. and f(Q)  c (N). Hence P  Q = . This shows that X is

Proof: Suppose that Y is not µ-connected space. Then
there exists nonempty disjoint µ-open sets M and N such Theorem 3.11: Let (Xi, i) be a GTS for all i I and I be
that Y = M  N. Therefore, M and N are µ-regular open
sets in Y. Since f is almost contra (b, µ)-continuous, then
f (M) and f (N) are -b-closed in X. Moreover, f (M)1 1 1

and f (N) are nonempty disjoint and X = f (M)  f (N).1 1 1

This shows that X is not -b-connected. This is a
contradiction. By contradiction, Y is -connected.

Definition 3.6: A GTS (X, ) is said to be -b-normal if
every pair of nonempty disjoint -closed sets can be
separated by disjoint -b-open sets.

Definition 3.7: A GTS (X, ) is said to be strongly -
normal if for every pair of nonempty disjoint -closed sets
M and N in X there exist disjoint -open sets P and Q
such that M  P, N  Q and c (P) c (Q) = .

Theorem 3.8: If (Y, µ) is strongly -normal and f : (X, )
(Y, µ) is almost contra (b, µ)-continuous -closed injective
function, then (X, ) is -b-normal.

Proof: Let M and N be disjoint nonempty -closed sets of
X. Since f is injective and -closed, f(M) and f(N) are
disjoint -closed sets. Since (Y, µ) is strongly -normal,
there exists -open sets P and Q such that f(M)  P, f(N)

 Q and c (P)  c (Q) = . Then, since c (P) and c (Q) areµ µ µ µ

-regular closed and f isalmost contra (b, µ)-continuous,
f (c (P))   and   f (c (Q))   are -b-open sets.   Since1 1

µ µ

M f (c (P)), N  f (c (Q)) and f (c (P)) and f (c (Q))1 1 1 1
µ µ µ µ

are disjoint, (X, ) is -b-normal.

Definition 3.9: A GTS (X, ) is said to be weakly -T  if2

each element of X is an intersection of -regular closed
sets.

2

c (M)  c (N) = . Since f is almost contra (b, µ)-µ µ

µ

µ

-b-T .2

finite. Suppose that ( X , ) is a product space and fi

: (X, )  ( X, ) is any function. If f is almost contrai

(b, µ)-continuous, then pr  f is almost contra (b, µ)-i

continuous where pr  is projection function for each i  I.i

Proof: Let x  X and (pr f) (x)  M and Mi be a -regulari i

closed set in (X, i). then f(x)  pr (M) = M  × X  isi i i i j
1

a -regular closed set in ( X , ). Since f is almosti

contra (b, µ)-continuous, there exists a -b-open set N

containinig x such that f(N) M  × X  = pr (Mi) andi j i
1

hence N  (pr f) (M ) and we obtain that pr f is almosti i i
1

contra (b, µ)-continuous for each i I.

Definition  3.12:   A -graph   G(f)  of  a function  f: (X,
)  (Y, µ) is  said   to  be  strongly  contra -b-closed if

for  each  (x,  y)   (X  ×  Y) \   G(f),   there  exist a -b-open
set  M  in   X   containing x   and  a -regular closed   set
 N   in   Y  containing y such that (M × N) n G(f) = .

Lemma 3.13: The following properties are equivalent for
the -graph G(f) of a function f:

G(f) is strongly contra -b-closed;
for each (x, y)  (X × Y) \ G(f), there exist a -b-open
set M in X containing x and a -regular closed set N
in Y containing y such that f(M)  N = .
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Theorem 3.14: If f : (X, )  (Y, µ) is almost contra (b, µ)- Definition 4.4: Let (X, ) and (Y, µ) be GTS’s. Then a
continuous and (Y, µ) is µ-Urysohn, then G(f) is strongly
contra -b-closed in X × Y.

Proof: Suppose that (Y, µ) is µ-Urysohn. Let (x, y)  (X ×
Y) \ G(f). It follows that f(x)  y. Since Y is µ-Urysohn,
there exist -open sets M and N in Y with  f(x)  M  and
y  N such that c (M)  c (N) = . Since f is almost contraµ µ

(b, µ)-continuous, there exists a -b-open set P in X
containing x such that f(P) c (M). Therefore, we obtainµ

f(P) c (N) =  and G(f) is strongly contra -b-closed in Xµ

× Y.

Theorem 3.15: Let f : (X, )  (Y, µ) have a strongly
contra -b-closed graph G(f). If f is injective, then X is -
b-T .1

Proof: Let x and y be any two distinct points of X. Then,
we have (x, f(y))  (X × Y) \ G(f). By Lemma 3.13, there
exist a -b-open set M in X and a -regular closed set N
in Y such that x  M, f(y)  N and f(M)  N = ; hence M

f (N) = . Therefore, we have y not belongs to M. This1

implies that X is -b-T .1

The Relationships: In this section, the relationships
between almost contra(b, µ)-continuous functions and
other forms are investigated.

Definition 4.1: Let (X, ) and (Y, µ) be generalized
topological spaces. A functionf : (X, )  (Y, µ) is said to
be weakly almost contra (b, µ)-continuous if for each
point x  X and each -regular closed set M in Y
containing f(x), there exists a -b-open set N in X
containing x such that f(N) M.

Definition 4.2: Let (X, ) and (Y, µ) be generalized
topological spaces. A function f : (X, )  (Y, µ) is said to
be -(b, )-open if the image of each -b-open set is µ-
semi-open.

Theorem 4.3: If a function f :(X, )  (Y, µ) is weakly
almost contra (b, µ)-continuous and -(b, )-open, then f
is almost contra (b, µ)-continuous.

Proof: Let x  X and M be a µ-regular closed set
containing f(x). Since f is weakly almost contra (b, µ)-
continuous, there exists a -b-open set N in X containing
x such that i (f(N))  M. Since f is -(b, )-open, f(N) is a
µ-semi-open set in Y and f(N) c (i (f(N)))  M. This
shows that f is almost contra (b, µ)-continuous.

function f : (X, )  (Y, µ) is said to be
almostcontra ( , µ)-continuous if for each µ-regular

open set U in Y, f (U) is -closed in X,1

almostcontra ( , µ)-continuous if for each µ-regular
open set U in Y, f (U) is - -closed in X,1

almostcontra ( , µ)-continuous if for each µ-regular
open set U in Y, f (U) is -semi-closed in X,1

almostcontra ( , µ)-continuous if for each µ-regular
open set U in Y, f (U) is -preclosed in X,1

almostcontra ( , µ)-continuous if for each µ-regular
open set U in Y, f (U) is - -closed in X. 1

Remark 4.5: Let f : (X, )  (Y, µ) be a function between
GTS’s (X, ) and (Y, µ). Then we have the following
implications.

where 1. almost contra ( , µ)-continuous
2. almost contra ( , µ)-continuous
3. almost contra ( , µ)-continuous
4. almost contra ( , µ)-continuous
5. almost contra (b, µ)-continuous
6. almost contra ( , µ)-continuous

Remark 4.6: The reverse implications may not be true in
general and this can be clearly seen from the following
examples.

Example 4.7: Let X= Y = {a, b, c}. Consider two
generalized topologies  = { , {b}, {c}, {b, c}} and µ =
{ , {c}} on X. Define f : (X, ) > (Y, µ) as follows: f(a) = b,
f(b) = c and f(c) = a. Then f ({c}) = {b}. We have f is1

almost contra ( , µ)-continuous and almost contra ( , µ)-
continuous but not almost contra ( , µ)-continuous.

Example 4.8: Let X = Y = {a, b, c}. Consider two
generalized topologies  = { , {b}, {c}, {b, c}} and µ =
{ , {c}} on X. Define f : (X, ) > (Y, µ) as follows: f(a) = c,
f(b) = b and f(c) = a. Then f ({c}) = {a}. We have f is1

almost contra ( , µ)-continuous, almost contra (b, µ)-
continuous and almost contra ( , µ)-continuous but not
almost contra ( , µ)-continuous. Moreover f is not almost
contra ( , µ)-continuous.

Example 4.9: Let X = Y = {a, b, c}. Consider two
generalized topologies  = { , {a, c}} and µ = { , {a}} on
X. Define f : (X, ) > (Y, µ) as follows: f(a) = c, f(b) = b and
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f(c) = a.  Then  f ({a})  = {c}. We have f is almost contra Proof: Let M  Z be any -regular closed set and let1

( , µ)-continuous and almost contra (b, µ)-continuous but (g f)(x)  M. Then g(f(x)) M. Since g is almost contra (b,
not almost contra ( , µ)-continuous. Moreover f is not µ)-continuous function, it follows that there exists a µ-b-
almost contra ( , µ)-continuous. open set N containing f(x) such that g(N)  M. Since f is

Definition 4.10: A GTS (X, ) is said to be -P  if for any open set P containing x such that f(P)  N. From here weÓ

-open set M of X and each x  X, there exists a -regular obtain that (g f)(P) = g(f(P))  g(N)  M. Thus we show
closed set N containing x such that x  N  M. that g f is almost contra (b, µ)-continuous function.

Theorem 4.11: Iff :(X, )  (Y, µ) is almost contra (b, µ)- Definition 4.17: Let (X, ) and (Y, µ) be GTS’s. Then a
continuous and Y is µ-P , then f is (b, µ)-continuous. function f : (X, )  (Y, µ) is said to be -b-open if theÓ

Proof: Let M be a µ-open set in Y. Since Y is -P , thereÓ

exists a family Ø whose members are µ-regular closed sets Definition 4.18: Let (X, ) and (Y, µ) be GTS’s. Then a
of Y such that M = {N: N  Ø}. Since f is almost contra function f : (X, )  (Y, µ) is said to be always -b-open if
(b, µ)-continuous, f (N) is -b-open in X for each N  Ø the image of each -b-open set is µ -b-open.1

and hence f (M) is -b-open in X. Therefore f is (b, µ)-1

continuous. Theorem 4.19: Let (X, ), (Y, µ), (Z, ) be GTS’s. If f : (X,

Definition 4.12: A GTS is said to be weakly -P  if for any  (Z, ) is a function such that g f : (X, )  (Z, ) isÓ

-regular open set M of X and each x  X, there exists a - almost contra (b, µ)-continuous, then g is almost contra
regular closed set N containing x such that x  N  M. (b, µ)-continuous function.

Definition 4.13: A function f : (X, )  (Y, µ)is said to be Proof: Suppose that x is a singleton in X. Let M be a -
almost (b, µ)-continuous at x  X if for each -open set M regular closed set in Z containing (g f)(x). Then there
containing f(x), there exists a -b-open set N containing x exists a -b-open set N in X containing x such that g(f(N))
such that f(N) i (c (M)).  M. Since f is -b-open, f(N) is µ-b-open in Y containing

Theorem 4.14: Let f : (X, )  (Y, µ) be a almost contra (b, contra (b, µ)-continuous function.
µ)-continuous function. If Y is weakly µ-P , then f isÓ

almost (b, µ)-continuous. Corollary 4.20: Let (X, ),  (Y,  µ),  (Z, )  be GTS’s. If f:

Proof: Let M be a µ-regular open set in Y. Since Y is function and let g : (Y, µ)  (Z, ) be a function. Then, g f
weakly µ-P , there exists a family Ø whose members are µ- : (X, ) (Z, ) is almost contra (b, µ)-continuous if andÓ

regular closed sets of Y such that M = {N: N  Ø}. Since only if g is almost contra (b, µ)-continuous function.
f is almost contra (b, µ)-continuous, f (N) is -b-open in1

X for each N  Ø and hence f (M) is -b-open in X. Proof: It can be obtained from Theorem4.16 and Theorem1

Therefore f is almost (b, µ)-continuous. 4.19.

Definition 4.15: Let (X, ) and (Y, µ) be GTS’s. Then a Definition 4.21: A GTS (X, ) is said to be -R-closed if
function f : (X, )  (Y, µ) is said to be -b-irresolute if the every -regular closed cover of X has a finite subcover.
inverse image of each µ-b-open setin Y is -b-open in X.

Theorem 4.16: Let (X, ), (Y, µ), (Z, ) be GTS’s and let f images of -b-compact spaces are µ-R-closed.
: (X, )  (Y, µ) and g : (Y, µ)  (Z, ) be functions. If f is

-b-irresolute and g is almost contra (b, µ)-continuous, Proof: Suppose thatf : (X, )  (Y, µ) is almost contra (b,
then g f : (X, )  (Z, ) is almost contra (b, µ)-continuous µ)-continuous surjection. Let {Mi: i  I} be any µ-regular
function. closed cover of Y. Since f is almost contra (b, µ)-

-b-irresolute function, it follows that there exists a -b-

image of each -b-open set is µ-open.

)  (Y, µ) is a surjective -b-open function and g : (Y, µ)

f(x) such that g(f(N))  M. This implies that gis almost

(X, )  (Y, µ) is a surjective -b- irresolute and -b-open

Theorem 4.22: The almost contra (b, µ)-continuous
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continuous,  then  {f (M ):  I I}  is  a -b-open cover of Definition 4.27: Let (X, ) and (Y, µ) be GTS’s. Then a1
i

X and hence there exists a finite subset I0 of  I  such that function f : (X, )  (Y, µ) is said to be almost ( , µ)-
X = {f (M ): i I }. Therefore, we have Y = {M : i I } continuous if the inverse image of every µ-regular open1

i 0 i 0

and Y is µ-R-closed. set in Y is -open in X. 

Definition 4.23: A GTS (X, ) is said to be µ-regular open set in Y is - -open in X. 
-b-closed compact if every -b-closed cover of X almost ( , µ)-continuous if the inverse image of every

has a finite subcover. µ-regular open set in Y is -semi-open in X. 
nearly -compact if every -regular open cover of X almost ( , µ)-continuous if the inverse image of every
has a finite subcover. µ-regular open set in Y is -preopen in X

Theorem 4.24: The almost contra (b, µ)-continuous µ-regular open set in Y is -b-open in X. 
images of -b-closed compact spaces are nearly µ- almost ( -LC, µ)-continuous if the inverse image of
compact. each µ-regular open set in Y is -locally -closed in

Proof: Suppose  that  f  :  (X, )  (Y, µ) is almost contra
(b, µ)-continuous surjection. Let {M  :i I} be any µ- Theorem 4.28: Let f : (X, )  (Y, µ), where Y is a -i

regular open cover of Y. Since f is almost contra (b, µ)- extremally disconnected space be a function. Then the
continuous, then {f (M ) :i I} is a -b-closed cover of X. following properties are equivalent.1

i

Since X is -b-closed compact, there exists a finite subset f is aalmost ( , µ)-continuous.
I0 of I such that X = {f (M ) : i I }. Therefore, we have f is almost ( , µ)-continuous and almost ( -LC, µ)-1

i 0

Y = {M  : i I } and Y is nearly µ-compact. continuous.i 0

Definition 4.25: Let f : (X, )  (Y, µ) be a function. Then continuous.
f is said to be f is almost ( , µ)-continuous and almost ( -LC, µ)-

( , µ)-open if the image of every -open set of X is µ- continuous.
semi-open in Y, f is almost (b, µ)-continuous and almost ( -LC, µ)-
( , µ)-open if the image of every -open set of X is µ- continuous.
preopen in Y,
( , µ)-open if the image of every -open set of X is µ- Definition 4.29: Let (X, ) and (Y, µ) be GTS’s. Then a

-open in Y, function f : (X, )  (Y, µ) is said to be almost contra ( -
( , µ)-open if the image of every -open set of X is µ- LC, µ)-continuous if the inverse image of each µ-regular

-open in Y, closed set in Y is -locally -closed in X. 
(b, µ)-open if the image of every -open set of X is µ-
b-open in Y, Theorem 4.30: Let f : (X, )  (Y, µ), where Y is a -
( -LC, µ) open if the image of every -open set of X extremally disconnected space be a function. Then the
is µ-locally µ-closed set in Y. following properties are equivalent.

Theorem 4.26: Let f: (X, )  (Y, µ), where Y is a - f is almost contra ( , µ)-continuous and almost contra
extremally disconnected space be a function. Then the ( -LC, µ)-continuous.
following properties are equivalent. f is almost contra ( , µ)-continuous and almost contra

f is( , µ)-open. ( -LC, µ)-continuous.
f is ( , µ)-open and ( -LC, µ) open. f is almost contra ( , µ)-continuous and almost contra
f is ( , µ)-open and ( -LC, µ) open. ( -LC, µ)-continuous.
f is ( , µ)-open and ( -LC, µ) open. f is almost contra (b, µ)-continuous and almost contra
f is (b, µ)-open and ( -LC, µ) open. ( -LC, µ)-continuous.

Proof: It is obvious. Proof: It is obvious.

almost ( , µ)-continuous if the inverse image of every

almost (b, µ)-continuous if the inverse image of each

X.

fis almost ( , µ)-continuous and almost ( -LC, µ)-

f is a almost contra ( , µ)-continuous.
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