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Abstract: The purpose of this paper is to develop a new approach to the concept of pseudo fuzzy coset of a
fuzzy HX ideal of a HX ring. The aim is to study the properties of pseudo fuzzy coset of a fuzzy HX left ideal

as well as fuzzy HX right ideal of a HX ring.
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INTRODUCTION

In 1965, Lotfi. A. Zadeh [1] introduced the concept of
fuzzy set. Fuzzy sets attracted many mathematicians and
grew enormously by finding applications in many areas.
In 1982 Wang-jin Liu [2] introduced the concept of fuzzy
subring and fuzzy ideal. In 1988, Professor Li Hong Xing
[3] proposed the concept of HX ring and derived some of
its properties, then Professor Zhong [4, 5] gave the
structures of HX ring on a class of ring. W.B.Vasantha
kandasamy [6] introduced the concept of fuzzy cosets.

Pseudo Fuzzy Coset of a Fuzzy HX Ideal of a HX Ring:
In this section, we introduce the notion of pseudo fuzzy
cosets of a fuzzy HX ideal and discuss its properties.

Definition 2.1: Let p be a fuzzy set defined on R. Let 3t <=
28— {¢} be a HX ring. Let A" be a fuzzy HX right ideal of
a HX ring i and Ae R. Then the pseudo fuzzy coset of a
fuzzy HX right ideal A* of a HX ring % determined by the
element A€ R is denoted as (A + A* )" is defined by

(A + A" (X) = p(A) A*(X) for every Xe SR and for some
peP, where P = { p(X) / p(X) €[0,1] for all Xe 3t}.

Definition: 2.2 Let u be a fuzzy set defined on R. Let % <
28— {¢} be a HX ring. Let A* be a fuzzy HX left ideal of a
HX ring % and Ae 3. Then the pseudo fuzzy coset of a
fuzzy HX left ideal A" of a HX ring % determined by the
element Ae R is denoted as (A + A" )" and is defined by

(A + A" (X) = p(A) A*(X) for every Xe %t and for some
peP, where P = { p(X) / p(X) €[0,1] for all Xe 3i}.

Definition 2.3: Let p be a fuzzy set defined on R. Let 3t =
2%~ {¢} be a HX ring. Let A* be a fuzzy HX ideal of a
HX ring R and Ae R. Then the pseudo fuzzy coset of
afuzzy HX ideal A* of a HX ring R determined by
the element Ae 3R is denoted as (A + A" )" and is
defined as (A + A* ) is both the pseudo fuzzy coset of a
fuzzy HX right ideal A" of a HX ring 3t determined by the
element Ae R and the pseudo fuzzy coset of a fuzzy HX
left ideal A" of a HX ring : determined by the element
Ae R.

Theorem 2.4: Let A" be a fuzzy HX right ideal of a HX ring
%N. Let (A + A*)"be a pseudo fuzzy coset of a fuzzy HX
right ideal A" of a HX ring %, then (A + A*)"is a fuzzy HX
right ideal of a HX ring 3.

Proof: Let A"be a fuzzy HX right ideal of a HX ring x.
Let (A + A")"be a pseudo fuzzy coset of a fuzzy HX
right ideal A" of a HX ring .

Forevery X, Y, A € % we have
i (A+A)(X-Y) =p(A) A (X=Y)
> p(A) min { A* (X), A* (Y) }
=min{p(A)A* (X), p(A) A* (Y)}
=min{(A+A"" (X),(A+ A" )" (Y)}
Therefore, (A+A") (X-Y) > min{(A+A*)"(X), (A+A")"(Y)}
ii. (A+ A1) (XY) =p(A) A(XY)
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> p(A) A(X)
=(A+ M) X).
Therefore, (A + A" (XY) = (A +A* ) (X).
Hence, (A + A")’is a fuzzy HX right ideal of a HX ring R.

Theorem 2.5: Let A" be a fuzzy HX left ideal of a HX
ring M. Let (A + A*)"be a pseudo fuzzy coset of a fuzzy
HX left ideal A" of a HX ring i, then (A + A*)"is a fuzzy
HX left ideal of a HX ring R.

Proof: Let A"be a fuzzy HX left ideal of a HX ring 3.
Let (A + A*)"be a pseudo fuzzy coset of a fuzzy HX
left ideal A" of a HX ring 3.

For every X, Y,Ae 3 we have
i (A+ A (X-Y)=p(A) A (X-Y)
> p(A) min { A* (X), A* (Y)}
= min {p(A)* (X), p(A) A* (Y)}
= min{(A+A"Y (X),(A+A") ()}
Therefore,(A + A*)'(X=Y) > min{(A+X § (X),(A+X § (Y)}
ii. (A+A)"(XY) =p(A) AHXY)
> p(A) AX(Y)
= (A +AY(Y).
Therefore, (A + A" (XY) = (A + A*)(Y).
Hence, (A + A*)"is a fuzzy HX left ideal of a HX ring R.

Theorem 2.6: Let A" be a fuzzy HX ideal of a HX ring 3.

Let (A+ A*)" be a pseudo fuzzy coset of a fuzzy HX
ideal A" of a HX ring ¢, then (A + A*)"is a fuzzy HX ideal
of a HX ring 3.

Proof: It is clear.

Theorem 2.7: Let p and 1 be any two fuzzy sets
defined on R. Let (A + AY" and (A + y"" be any
two pseudo fuzzy coset of a fuzzy HX right ideals
A" and y" of a HX ring : determined by the element
Ae R. Then (A + A" (A + y") is a fuzzy HX right ideal
of A.

Proof: Let (A + A*)" and (A + ¥")’ be any two pseudo
fuzzy coset of a fuzzy HX right ideals of a HX ring 3
determined by the element Ac 3.

By Theorem 2.4, (A + A*) and (A + y")" are fuzzy HX
right ideals of a HX ring 3 determined by the element Ae
R.

By Theorem 3.3 [10], (A + A*)"n (A + ") is a fuzzy
HX right ideals of : determined by the element A€ 3.

Theorem 2.8: Let p and m be any two fuzzy sets defined
onR. Let
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(A + A"F and (A + y") be any two pseudo fuzzy coset
of fuzzy HX left ideals A" and y"of a HX ring 3t determined
by the element Ae . Then (A + A*)" ' (A + ") is a fuzzy
HX left ideal of 3.

Proof: Let (A + A*)" and (A + ¥") be any two pseudo
fuzzy coset of a fuzzy HX left ideals of a HX ring 3R
determined by the element Ae R.

By Theorem 2.5, (A + A*)" and (A + y")" are fuzzy HX
left ideals of a HX ring 3¢ determined by the element Ae
x.

By Theorem 4.3 [10], (A + A" (A + ¥’ is a fuzzy
HX left ideals of % determined by the element A€ 3.

Theorem 2.9: Let p and m be any two fuzzy sets defined
on R. Let (A+ A*)" and (A + y")" be any two pseudo fuzzy
coset of a fuzzy HX ideals A" and y" of a HX ring 3N
determined by the element Ae . Then (A+ A*)" 1 (A+ y")°
is a fuzzy HX ideal of 3.

Proof: It is clear.

Theorem 2.10: Let pu and 1 be any two fuzzy sets defined
onR. Let (A + A*)" and (A + y") be any two pseudo fuzzy
coset of a fuzzy HX right ideals A* and y"of a HX ring %
determined by the element Ae . Then (A + A*)" U (A +
"' is a fuzzy HX right ideal of 3.

Proof: Let (A + A*)" and (A + ¥")’ be any two pseudo
fuzzy coset of a fuzzy HX right ideals of a HX ring 3%
determined by the element Ae R.

By Theorem 2.4, (A + A*)" and (A + y")" are fuzzy HX
right ideals of a HX ring % determined by the element Ae
x.

By Theorem 3.4 [10], (A + A*)"u (A + ") is a fuzzy
HX right ideals of % determined by the element Ae ).

Theorem 2.11: Let p and 1 be any two fuzzy sets defined
on R. Let (A + A" and (A+ y")" be any two pseudo fuzzy
coset of a fuzzy HX left ideals A" and y"of a HX ring 3N
determined by the element Ae . Then (A + A*)" U (A +
v is a fuzzy HX left ideal of .

Proof: Let (A + A*)" and (A + ¥")’ be any two pseudo
fuzzy coset of fuzzy HX left ideals of a HX ring 3%
determined by the element Ae R.

By Theorem 2.5, (A + A*)" and (A + y") are fuzzy HX
left ideals of a HX ring % determined by the element Ae
€.

By Theorem 4.4 [10], (A + A*)"u (A + ") is a fuzzy
HX left ideal of % determined by the element Ae 3.
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Theorem 2.12: Let pu and 1 be any two fuzzy sets defined
onR. Let (A + A" and (A + y")" be any two pseudo fuzzy
coset of fuzzy HX ideals A* and y" of a HX ring :i
determined by the element Ae i.Then (A+ A*) U (A + y")
is a fuzzy HX ideal of R.

Proof: It is clear.

Theorem 2.13: Let p and 1 be any two fuzzy sets defined
onR. Let (A + A" and (A + y")" be any two pseudo fuzzy
coset of a fuzzy HX right ideals A" and y"of a HX ring :%
determined by the element Ac :.Then (A + A*)° x (A +
v" is a fuzzy HX right ideal of RxR.

Proof: Let (A + A*)" and (A + ¥") be any two pseudo
fuzzy coset of a fuzzy HX right ideals of a HX ring 3%
determined by the element Ae 3.

By Theorem 2.4, (A + A*)" and (A + y")" are fuzzy HX
right ideals of a HX ring 3% determined by the element Ae
€.

By Theorem 3.5 [10], (A + A*)"x (A + ")’ is a fuzzy
HX right ideal of % x3R.

Theorem 2.14: Let p and 1 be any two fuzzy sets defined
onR. Let (A + A*)" and (A + y") be any two pseudo fuzzy
coset of a fuzzy HX left ideals A" and y" of a HX ring 3R
determined by the element Ae %.Then (A + A*)° x (A +
v is a fuzzy HX left ideal of RxN.

Proof: Let (A + A*)" and (A + ¥") be any two pseudo
fuzzy coset of a fuzzy HX left ideals of a HX ring 3
determined by the element Ae 3.

By Theorem 3.5, (A + A" and (A + y")" are fuzzy HX
left ideals of a HX ring 3 determined by the element Ae
€.

By Theorem 4.5 [10], (A + A*)"x (A + y")’ is a fuzzy
HX left ideal of R xR.

Theorem 2.15: Let p and 1 be any two fuzzy sets defined
onR. Let (A + A*)" and (A + y") be any two pseudo fuzzy
coset of a fuzzy HX ideals A* and y" of a HX ring R
determined by the element Ae 3. Then (A + A*)" x (A +
Y is a fuzzy HX ideal of RxR.

Proof: It is clear.

Homomorphism and Anti Homomorphism of a Pseudo
Fuzzy Coset of a Fuzzy Hx Ideal of a Hx Ring: In this
section, we introduce the concept of an image, pre-image
of pseudo fuzzy coset of a HX ring and discuss the
properties of homomorphic and anti homomorphic
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images and pre images of pseudo fuzzy coset of a
fuzzy HX ideal A* of a HX ring & determined by the
element Ae R.

Theorem 3.1: Let i, and R, be any two HX rings on the
rings R, and R, respectively. Let f : R, - %, be a
homomorphism onto HX rings. Let (A+ A*)° be the pseudo
fuzzy coset of a fuzzy HX right ideal A" of a HX ring %,
determined by the element Ae R,.Then f((A+ A*)") is the
pseudo fuzzy coset of a fuzzy HX right ideal f(A*) of a HX
ring N, determined by the element f(A)e R, and f((A +
AP = (f(A) + f(AY))", if A* has a supremum property and A"
is f-invariant.

Proof: Let f: i, - M,be a homomorphism onto HX rings.

Let (A+A") be the pseudo fuzzy coset of a fuzzy HX
right ideal A* of a HX ring 3¢, determined by the element
A€ R,.By Theorem, if A" is a fuzzy HX right ideal of %,
then f (A") is a fuzzy HX right ideal of :,, if A* has a
supremum property and A" is f-invariant.

f((A + A")") is the pseudo fuzzy coset of a fuzzy HX
right ideal f(A") of a HX ring R, determined by the element
f(A)e R,.

Let A, X € %, then f(A), {(X)e R,.
Now,(f(A) + f(A")” f{X) = p(f(A))(HA)(HX))
=p(A) A*(X)
=(A+A'X)
=f((A + AYH(X).
= f((A + A)NX),
for any f(X)e R,.
= (f(A) + f(AM)".

(f(A) + f(A")" f(X)
Hence, f((A + A7)

Theorem 3.2: Let i, and R, be any two HX rings on the
rings R, and R, respectively. Let f : R, - %, be a
homomorphism onto HX rings. Let (A + A")" be the
pseudo fuzzy coset of a fuzzy HX left ideal A" of a HX ring
RN, determined by the element Ae R,.Then f((A + A*)") is
the pseudo fuzzy coset of a fuzzy HX left ideal f(A") of a
HX ring 3, determined by the element f(A)e R, and
f((A + A7) = (f(A) + f(A"), if A" has a supremum property
and A" is f-invariant.

Proof: Let f: R, - M,be a homomorphism onto HX rings.

Let (A + A*)" be the pseudo fuzzy coset of a fuzzy HX
left ideal A* of a HX ring 3¢, determined by the element Ae
% ,.By theorem, if A" is a fuzzy HX left ideal of %, then f
(A") is a fuzzy HX left ideal of $K,, if A" has a supremum
property and A" is f-invariant.

f((A + A")") is the pseudo fuzzy coset of a fuzzy HX
left ideal f(A") of a HX ring 90, determined by the element
f(A)e Mx,.
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Let A, X € 3, then f(A), f(X)e R,.
Now, (f(A) + f(A")" f(X) = p(fA)EA)E(X))

= p(A) A (X)

=(A+ A (X)

= f((A + AHHX).
(f(A) + (A" fX)= f(A + A))HEX),

for any f(X)e R,.

Hence, f((A+A1"") = (f(A) + f(AY))".
Theorem 3.3: Let R, and R, be any two HX rings on the
rings R, and R, respectively. Let f : & ~ R be a
homomorphism onto HX rings. Let (A + A*)" be the
pseudo fuzzy coset of a fuzzy HX ideal A* of a HX ring %,
determined by the element Ae 3. Then f((A + A*)") is the
pseudo fuzzy coset of a fuzzy HX ideal f(A*) of a HX ring
N, determined by the element f(A)e R,and f((A + A" ) =
(f(A) + f(AM))",
if A* has a supremum property and A" is f-invariant.

Proof: It is clear.

Theorem 3.4: Let R, and R, be any two HX rings on the
rings R, and R, respectively. Let f : i, - N, be a
homomorphism on HX rings. Let (B + 1)’ be the pseudo
fuzzy coset of a fuzzy HX right ideal n“ of a HX ring K,
determined by the element Be % .Then f' (B +§") ) is
the pseudo fuzzy coset of a fuzzy HX right ideal £ '(n®) of
a HX ring %, determined by the element f '(B)e R, and

B+ =E"'B)+1'(M))

Proof: Let f: 3, - R, be a homomorphism on HX
rings.

Let (B +n%)" be the pseudo fuzzy coset of a fuzzy HX
right ideal " of a HX ring R, determined by the element
Be R,. By Theorem, if " is a fuzzy HX right ideal of 3%,
then £ (M) is a fuzzy HX right ideal of &,. f (B +1%)")
is the pseudo fuzzy coset of a fuzzy HX right ideal f '(n"%)
of a HX ring %, determined by the element f '(B)e R,.

Let X € 3¢, and Be R,.

Now, (f'(B) + f'(n")" (X)= p(f 'B)(E '(M)N(X)
= p(B)( n*(f(X))
=(B+n)fX)
=f(B+1)")X)
=f(B+n)")X)
="' B)+ (M)

E'B) + (M) X)
Hence, f'((B+n%")

Theorem 3.5: Let R, and R, be any two HX rings on the
rings R, and R, respectively. Let f : R, - N, be a
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homomorphism on HX rings. Let (B + %" be the pseudo
fuzzy coset of a fuzzy HX left ideal n" of a HX ring 3,
determined by the element Be :,.Then f '((B + n%)" ) is
the pseudo fuzzy coset of a fuzzy HX left ideal f ~'(n") of
a HX ring R, determined by the element f '(B) € R,and f

H(BANY ) =B M)

Proof: Let f: R, - R,be a homomorphism on HX rings.

Let (B + 1" be the pseudo fuzzy coset of a
fuzzy HX left ideal " of a HX ring :, determined by the
element Be 3M,.By Theorem if n* is a fuzzy HX left ideal of
%, then

£7'(M") is a fuzzy HX left ideal of R,.f (B +n%)") is
the pseudo fuzzy coset of a fuzzy HX left ideal f (%) of
a HX ring R, determined by the element £ '(B)e %,.

Let X € %, and Be R,.

Now, (f'(B) + £ '(n")” (X)=p(f ' B)E "M NX)
= pB)(n*(f(X))
=(B+nYfX)
=f(B+19")X)

=f (B +19")X)
=({'B)+ (MM

B + ' (M) X)
Hence, f'(B+n9")

Theorem 3.6: Let i, and R, be any two HX rings on the
rings R, and R, respectively. Let f: 3, - 3R, be a
homomorphism on HX rings. Let (B + 1)" be the pseudo
fuzzy coset of a fuzzy HX ideal n* of a HX ring &%,
determined by the element

Be 3,.Then f '((B + n%)") is the pseudo fuzzy coset
of a fuzzy HX ideal f '(n*) of a HX ring %, determined by
the element f '(B)e R,and f '(B+n*)")=(F"'(B)+f"
().

Proof: It is clear.

Theorem 3.7: Let i, and R, be any two HX rings on the
rings R, and R, respectively. Let f : ), - M, be an anti
homomorphism onto HX rings. Let (A + A*)" be the
pseudo fuzzy coset of a fuzzy HX right ideal A* of a HX
ring N, determined by the element Ae %,.Then f{((A + A)")
is the pseudo fuzzy coset of a fuzzy HX left ideal f(A") of
a HX ring :M, determined by the element f(A)e 3R, and
f((A + A" = (f(A) + f(A"))", if A" has a supremum property
and A" is f-invariant.

Proof: Let £ : %, - 3¢, be an anti homomorphism onto HX
rings. Let (A + A*)" be the pseudo fuzzy coset of a fuzzy
HX right ideal A" of a HX ring 3, determined by the
element
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A€ 9. By Theorem, if A" is a fuzzy HX right ideal of
M, then f(A") is a fuzzy HX left ideal of 3¢, if A* has a
supremum property and A" is f-invariant.

f((A + A")") is the pseudo fuzzy coset of a fuzzy HX
left ideal f(A") of a HX ring R, determined by the element
f(A)e R,.

Let A, X € 3, then f(A), f(X)e R,.
Now, (f(A) + f(A")" fX) = p(f(A)HA)HX)))
=p(A) A(X)
=(A+A)'(X)
= f((A + AHHX).
= f((A + X)X,

for any f(X)e R,.
= (f(A) + f(A"))".

(f(A) + A f(X)
Hence, f((A + A7)

Theorem 3.8: Let R, and R, be any two HX rings on the
rings R, and R, respectively. Let f : %, - R, be an anti
homomorphism onto HX rings. Let (A + A*)" be the
pseudo fuzzy coset of a fuzzy HX left ideal A" of a HX ring
N, determined by the element Ae R,.Then f((A + A*)") is
the pseudo fuzzy coset of a fuzzy HX right ideal f(A") of a
HX ring 3%, determined by the element f(A)e R, and
f((A + A" = (f(A) + f(A*)), if A" has a supremum property
and A" is f-invariant.

Proof: Let f: 3, - M, be an anti homomorphism onto HX
rings. Let (A + A")" be the pseudo fuzzy coset of a fuzzy
HX left ideal A* of a HX ring R, determined by the element
Ae 3%,.By Theorem if A" is a fuzzy HX left ideal of %t,, then
f(AY) is a fuzzy HX right ideal of %, if A* has a supremum
property and A" is f-invariant. f((A + 4% is the pseudo
fuzzy coset of a fuzzy HX right ideal f(A") of a HX ring 3R,
determined by the element f(A)e 3i,.

Let A, X € 3, then f(A), f(X)e R,.

Now,(f(A) + f(A"))" fiX) = p(f(A)HA)(H(X)))
= p(A) A (X)
=(A+A)(X)
= f((A + A)HEX)

(f(A) + fA) f(X) = (A + A)HAX),
for any f(X)e R,.

Hence, f((A + A7) = (f(A) + f(A"))".

Theorem 3.9: Let R, and R, be any two HX rings on the

rings R, and R, respectively. Let f : %, - R, be an anti

homomorphism onto HX rings. Let (A + A*)" be the
pseudo fuzzy coset of a fuzzy HX ideal A* of a HX ring %,
determined by the element Ac R . Then f((A + A*)") is the
pseudo fuzzy coset of a fuzzy HX ideal f(A*) of a HX ring
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%N, determined by the element f(A)e R,and f((A+ A" )=
(f(A) + f(AY)), if A* has a supremum property and A" is f-
invariant.

Proof: It is clear.

Theorem 3.10: Let 3%, and 3N, be any two HX rings on the
rings R, and R, respectively. Let f : %, - R, be an anti
homomorphism on HX rings. Let (B + 1% be the pseudo
fuzzy coset of a fuzzy HX right ideal 1" of a HX ring 3,
determined by the element Be :,.Then f '((B + n%)" ) is
the pseudo fuzzy coset of a fuzzy HX left ideal f ~'(n") of
a HX ring R, determined by the element f '(B)e %, and

F(B+n))=E"'B)+ (M)

Proof: Let f: i, -~ R, be an anti homomorphism on HX
rings.Let (B + n%)" be the pseudo fuzzy coset of a fuzzy
HX right ideal n" of a HX ring 3%, determined by the
element

Be R,.By Theorem 1" be a fuzzy HX right ideal of 3,
then

f7'(Mm%) is a fuzzy HX left ideal of %,.f'((B+n%)")
is the pseudo fuzzy coset of a fuzzy HX left ideal
7'M of a HX ring R, determined by the element
f'(B)e R,.

Let X € %, and Be R,.

Now, (f'(B) + £ '(m*)" (X) = p(f "BNE "M NX)
= p(B)(N(f(X))

=B +nYfX)
=f(B+19")X)

=f (B +n9")X).
=B+ M)

f'(B) + ' (M) X)
Hence,f (B +1%")

Theorem 3.11: Let 3¢, and N, be any two HX rings on the
rings R, and R, respectively. Let f: %, - R, be an anti
homomorphism on HX rings. Let (B + %" be the pseudo
fuzzy coset of a fuzzy HX left ideal n" of a HX ring 3R,
determined by the element Be :,.Then f '((B + n%)" ) is
the pseudo fuzzy coset of a fuzzy HX right ideal f (1) of
a HX ring N, determined by the element f '(B)e R, and f

H(BANY ) =B M)

Proof: Let f: i, -~ R, be an anti homomorphism on HX
rings. Let (B + n%)" be the pseudo fuzzy coset of a fuzzy
HX left ideal n" of a HX ring 3%, determined by the element

Be 3,.By Theorem, if n° be a fuzzy HX left ideal of 3,
then

£7'(m") is a fuzzy HX right ideal of % ,.f (B + ") is
the pseudo fuzzy coset of a fuzzy HX right ideal f (1) of
a HX ring R, determined by the element £ '(B)e %,.
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Let X € 3, and Be R,.

Now, (f'(B) + f'(n%)* (X) = p(f ' B)( '(n)NX)
= p(B)( n*(f(X))
=(B+n)fX)
=f(B+1)")X)
=f(B+n)")X)
=B+ (MY

f'B) + ()" X)
Hence, f7'((B+n%")

6.

Theorem 3.12: Let 3¢, and R, be any two HX rings on the

rings R, and R ,respectively.Let f: % 5 R be an anti

homomorphism on HX rings. Let (B+ 1%)" be the pseudo
fuzzy coset of a fuzzy HX ideal n* of a HX ring K,

determined by the element Be R,.Then f '(B + n%)" ) is

the pseudo fuzzy coset of a fuzzy HX ideal f '(1*) of a HX
ring R, determined by the element £ '(B)e R, and £ '((B +

N’ ) =("'(B)+ ().
Proof: It is clear.
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