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Abstract: The purpose of this paper is to implement the concept of intuitionistic multi-fuzzy sets to ideals in
BG-algebra. In this paper, we introduce the notion of intuitionistic multi-fuzzy ideals, intuitionistic multi-fuzzy
closed ideals in BG-algebra and investigate some of their related properties. Also we discuss the relation
between intuitionistic multi-fuzzy ideals and intuitionistic multi-fuzzy closed ideals of BG-algebra. Finally we
define the upper level subset of intuitionistic multi-fuzzy ideals of BG-algebra and study some of its properties

based on (&, B)-cut.
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INTRODUCTION

The notion of a fuzzy subset was initially introduced
by Zadeh [1] in 1965, for representing uncertainity.
The idea of intuitionistic fuzzy set was first published by
Atanassov [2], as a generalization of the notion of the
fuzzy set. In 2000, S.Sabu and T.V.Ramakrishnan [3, 4]
proposed the theory of multi-fuzzy sets in terms of multi-
dimensional membership functions and investigated
some properties of multi-level fuzziness. Theory of multi-
fuzzy set is an extension of theory of fuzzy sets. Complete
characterization of many real life problems can be done by
multi-fuzzy membership functions of the objects involved
in the problem.

Y. Imai and K. Iseki introduced two classes of
abstract algebras: BCK algebras and BCl-algebras [5-7].
It is shown that the class of BCK-algebras is a proper
subclass of the class of BCl-algebras. J.Neggers and
H.S.Kim [8] introduced a new notion, called a B-algebra.
In 2005, C.B.Kim and H.S.Kim [9] introduced the notion of
a BG-algebra which is a generalization of B-algebras. With
these ideas, fuzzy subalgebras of BG-algebra were
developed by S.S.Ahn and H.D.Lee [10]. R.Muthuraj and
S.Devi [11, 12] introduced the concept of multi- fuzzy

subalgebras and intuitionistic multi-fuzzy subalgebras
in BG-algebra in 2016. In this paper, we define a new
algebraic structure of intuitionistic multi-fuzzy ideals and
intuitionistic multi-fuzzy closed ideals of BG-algebra
and discuss some of their related properties based on
level subsets. Also we investigate the properties of
intuitionistic multi-fuzzy ideals of BG-algebra under
homomorphism.

Preliminaries: In this section, the basic definitions of a
BG-algebra, BG-ideal, multi-fuzzy sets are recalled. We
start with.

Definition 2.1 [9, 10]: Let X be a non-empty set. A multi-
fuzzy set A in X is defined as a set of ordered sequences:
A = {( X, “’l(x)i HZ(X)’ ~~~~~ ’ l’lk(x)): X€ X}s Where Ll X- [Os 1]
for all i. Here k is called the dimension of A.

Definition 2.2 [8]: Let X be a non-empty set. An
intuitionistic fuzzy set(IFS) A in X is a set of the form A =
{ (%, ux), v(x) ):x€ X },where p: X - [0, 1] and v: X -
[0, 1] define the degree of membership and the degree of
non-membership of the element x € X respectively, with
0<pux)+vix)<l.
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Definition 2.3 [11]: Let X be a non-empty set . An
intuitionistic multi-fuzzy set A in X is a set of the form
A= { (% 1,(3), v,(0): x € X }, where () = ( 1, (x), 1,(%),
s (X)), Va(x) = (V(X), Vo(X), -..ooo; V(X)) and each p;:
X~-10,1], v X~1[0, 1] with 0 < p;(x) + v,(x) < 1, x € X for
alli=1,2,........ k. Here p,(x) = py(X) =.....

Remark: Note that although we arrange the membership
sequence in decreasing order, the corresponding non-
membership sequence need not be in decreasing or
increasing order.

Definition 2.4 [5]: A non-empty set X with a constant 0
and a binary operation “*” is called a BG-algebra if it
satisfies the following axioms:

e x*x=0

x*¥0=x
x*y)*(0*y)=x,¥V x,ye X.

Example 2.5: Let X = {0, 1, 2} be a set with the following
table:

Table 2.1

*

[N I e R )
NS = =
S = NN

0
1
2

Then (X; €, 0) is a BG-algebra.

Definition 2.6 [5]: Let S be a non-empty subset of a
BG-algebra X, then S is called a subalgebra of X if x e y €
Sforallx,y € S.

Definition 2.7: Let X be a BG-algebra and I be a subset of
X. Then I is called a BG-ideal of X if it satisfies the
following conditions:

Oel
x*yelandyel=xel
xelandyeX=x*yel

Definition 2.8 [6]: Let p be a fuzzy set in a BG-algebra X.
Then p is called a fuzzy subalgebra of X if u( x * y ) > min

), py)}, x,yeX.

Definition 2.9 [13]: An intuitionistic multi-fuzzy subset
A={(X, uA(X), Va(x)): x € X } in X is called an intuitionistic
multi-fuzzy subalgebra of X if it satisfies:

2 (x), x € X.
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HA(x*y) > min { p(x), wa(y) §
o vi(x*y)zmax {v,(x), vi(y) }, X, yeX
Definition 2.10: A mapping f: X - Y of a BG-algebra is
called a homomorphism if f(x . y) = f(x) . f(y), X, y € X.

Remark: If f: X - Y is a homomorphism of BG-algebra
then f(0) = 0.

Definition 2.11: Let X and Y be any two non-empty sets
and f: X -Y be a mapping. Let A and B be any two IMF
subsets of X and Y respectively having the same
dimension k. Then the pre-image of March 18, 2017B(cY)
under the map f is denoted by ~'(B) and it is defined as:

£7(B) = (nu(f(x)), va(f(x)) ), x € X.

Definition 2.12 [11]: Let A = { (X, pA(X), Va(x)): x € X } and
B = {( %, ps(x), vg(x)): x € X } be any two IMFS’s having
the same dimension k of X. Then.

A c Bifand only if, p,(X) < pug(X), va(X) = vu(x) for all
X € X.

A =Bifand only if p,(X) = pp(X), va(X) = vp(x) for all x
e X.

AnB={(X (Lyu)X), (Vop)X)): X € X}, where
(L p)(X) =min { py(x), pe(x) } = (min{ p(x), we(x)})',
and (v, )(X) = max {vy(x), vg(x) } = (max {v,(x),
Vie()})

A UB={ (X (Lap)X), (Vas)(x) ): x € X }, where
(Raup)(®) = max { pa(x), te(x) } = (max {pia(x), pis(x) } )’
and (Vaup)(x) = min { vy(x), vg(x) } = (min { v, (x),

vis(X) } )iy

Intuitionistic Multi-Fuzzy Ideals of BG-Algebra: In this
section, we define the new notion of intuitionistic
multi-fuzzy ideals and intuitionistic multi-fuzzy closed
ideals of BG-algebra and discuss some of its properties.

Definition 3.1: An intuitionistic multi-fuzzy subset A =
{(X, pa(x), va(x)): x € X } in X is called an intuitionistic
multi-fuzzy ideal of X if it satisfies:

* Ha(0) 2 pa(x) and v,(0) < vy(x)

Ha(X) > min {pa(X *y), pa(y)}

VA (x) < max {v,(x *y), vi(y)}vx, y € X

Example 3.2: Consider a BG-algebra X = { 0, 1,2, 3 }with
the following table.
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Table 3.1

* 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Let A = (uy, V4 ) be an intuitionistic multi-fuzzy
subset in X defined as follows:

HA0)=p (1) =(1, 1), us (2)=px(3)=(0.7,0.5)
and v,(0)= v,(1) = (0, 0), v,(2) = v,(3) = (0.2, 0.3)

Then A is an intuitionistic multi-fuzzy ideal of X.

Theorem 3.3: Let A = (u,, v, ) be an intuitionistic multi-
fuzzy ideal of a BG-algebra X. If x * y < z then p,(x) = min

{1AY): 1A(2) §, VA(X) < max { v\(y), VA(z) } forallx, y, z € X.

Proof:
Letx,y,ze Xsuchthatx *y=1z.
Then x *y) *z=0
Ha(X) >min { py(x *y), pa(y) }
> min{min{p,((x * y)*2), ua(2) }, ua(y) }
= min{min {{1,(0), uA(2) }, pA(y) }
=min { uy(y) }, ua(2) }
Va(x) < max { v, (X *y), Va(y) }
= max { max{((va(x *y) * 2), va(2)}, va(y)}
=max { max { v,(0), v5(2) }, va(y) }
=max { VA(y), Va(2) }

Theorem 3.4: Let A = (u,, v, ) be an intuitionistic multi-
fuzzy ideal of a BG-algebra X. If x < y then p,(X) = p,(y),
Va(X) € vu(y) forall x,y € X.

Proof:
Letx,y € X suchthatx <y.Thenx *y=0.
Ha (X) >min { py(x *y), pa(y) }
> min { p,(0), pA(y) }
= pay)
And v, (x) =max { vi(x *y), va(y) }
< max { v,(0), vA(y) }
=v\(y)

Theorem 3.5: Let A = (u,, v, ) and B = (ug, vg) be two
intuitionistic multi-fuzzy ideals of a BG-algebra X. Then
the intersection ANB is also an intuitionistic multi-fuzzy
ideal of X.

Proof:
Letx,y € AnB

Thenx,y € Aand X,y € B
Hap(0) = pap(x *x)
=min { py(x * X), pp(x *x) }
> min{min{p,(x), pA(x)}, min{ug(x), pa(x)} }
=min { p,(x), pe(x) }
= Ham(X)
Vap(0) = vyp(x*x)
=max { V(X *x ), vg(x ¥*X) }
< max{max{v,(x), v (x)}, max{vy(x), vg(x) } }
= max{ V,(x), vs(X) }
= v, 5(X)
Hap(x) =min { p,(x), pp(x) }
=min { min { py(X *y), pa(y) }, min { py(x * y),
H(Y)}
> min{min{p,(x *y), us(x * y)}, min{p,(y),
Ha(Y)}}
=min { ky5(X *Y), Has(y) }
Vas(X) =max { Vy(x), v(X) }
= max {max{ v,(x *y), vA(y)}, max {vy(x * y),
ve(y) }}
= max {max {Vv,(x *y), vy(x /* y)}, max{ v,(y),
ve(¥)}}

< max {Vy5(X *y), Vap(y) }

Theorem 3.6: Let X be a BG-algebra. Then an
intuitionistic multi-fuzzy set A is an intuitionistic
multi-fuzzy ideal of X if and only if A is an intuitionistic
multi-fuzzy subalgebra of X.

Proof: Every intuitionistic multi-fuzzy ideal of X is an
intuitionistic multi-fuzzy subalgebra of X.

Conversely, let A be an intuitionistic multi-fuzzy
subalgebra of X.

Letx,y e X
Ha(0) = pa(x * x)
> min { p(X), Ha(X) = pa(x)
va(0) = vy(x * x)
< max { v,(x), vA(X) }
=v,(x)
pax) =p((x*y)*(0*y))
>min { pa(x *y), pa(0 *y) }
> min { py(x *y), min { p,(0), pua(y) }}
=min { pa(x *y), pa(y) }
VA(X) = v (x*y)*(0*y))
<max { vi(x *y), va (0*y) }
< max { v, (x *y), max { v, (0), v, (y) }}
=max { vy (X *y), vo (¥) }

Definition 3.7: An intuitionistic multi-fuzzy subset A =
{ (X, pa(X), vo(x)): x € X } in X is called an intuitionistic
multi-fuzzy closed ideal of X if it satisfies:
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. 1A(0% x) > p,(x) and v,(0*x) < v,(x)
. Ha(X) 2 min { pa(x *y), pa(y) }
. va(x) s max { v,(x *y), va(y) } X,y € X

Example 3.8: Consider a BG-algebra X = {0, 1, 2, 3} with
the following table:

Table 3.2

* 0 1 2 3
0 0 1 2 3
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

Let A = (u,, v, ) be an intuitionistic multi-fuzzy
subset in X defined as follows:

1a(0) = A (1) = (0.8, 0.5), pp (2) = na(3) = (0.4, 0.3)
and v,(0) = v,(1) = (0.2, 0.3, v,(2) = v,(3) = (0.5, 0.4)

Then A is an intuitionistic multi-fuzzy closed ideal of
X.

Theorem 3.9: Every intuitionistic multi-fuzzy closed ideal
of a BG-algebra X is an intuitionistic multi-fuzzy ideal of X.

Proof:

Let A = (u,, v,) be an intuitionistic multi-fuzzy closed ideal
of X.

It is enough to prove that p,(0) = p(x) and v,(0) = v,(X)

Now, py(0) = min { p,(0*x), pa(x) }
> min { pa(X), a(X) } = pa(x)
v,A(0) < max { v,(0¥x), v,(X) }

< max { v,(x), va(x) }
=v,(%)

Remark: The converse of the above thorem is not true.
Let us prove this by the following example.

Example 3.10: Let Consider a BG-algebra X={0, 1,2, 3
}with the following table:

Table 3.3

* 0 1 2 3
0 0 3 2 1
1 1 0 3 2
2 2 1 0 3
3 3 2 1 0

Let A = (u,, v, ) be an intuitionitic multi-fuzzy subset in X
defined as follows:

1A(0) = (0.8, 0.6), p, (1) = (0.6, 0.4 ),
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Ha (2)=pa(3)=(0.5,0.3)
and v,(0)=(0.1,0.2), v,(1) =(0.2, 0.4),
va(2) =v,(3)=(0.4, 0.6)

Then A is an intuitionistic multi-fuzzy ideal of X but
it is not an intuitionistic multi-fuzzy closed ideal of X.

Corollary 3.11: Every intuitionistic —multi-fuzzy
subalgebra satisfying the conditions p, (x) > min { p(x *

¥), 1a(y) }, va (%) = max {v, (x *y), vu(y) }, is an
intuitionistic multi-fuzzy closed ideal.

Theorem 3.12: Every intuitionistic multi-fuzzy closed
ideal of a BG-algebra X is an intuitionistic multi-fuzzy
subalgebra of X.

Proof:

Let A =(p,, v,) be an intuitionistic multi-fuzzy closed ideal
of X.

Then p,(x*y) > min { py( (x*y)*(0*y), pa(0 *y )}

=min { p(x), pa(0 *y) }

> min { p(x), pa(y) }

vaA(x*y) < max { v, ((x*y)*(0*y) ), v, (0*y)}

=max { v, (X), V4 (0 *y) }

< max { v, (x), V4 (¥) }

Preoposition 3.13: If an intuitionistic multi-fuzzy set A =
(Ka, V4 ) in X is an intuitionistic multi-fuzzy closed ideal,
then for all x € X, p,(0) > p(x) and v,(0) < v,(x)

Proof: Straight forward.

Definition 3.14: Let A = { ( X, uA(X), va(X) ): x € X } be an
intuitionistic multi-fuzzy subset in X. Then the (¢, f)-cut
of A is denoted by [A], j and is defined by [A], = { x €
X: pa(x) = a0 and v,(x) < B } where o = (&, ot,, ....c1)and P
= (B, B ....B) where each o, B; € [0, 1] with 0 < o;+ B, <
1 for all i =1, 2, ...k such that p(x) > o; with the
corresponding v,(x) < B, foralli=1,2, ..... k.

Theorem 3.15: If A is an intuitionistic multi-fuzzy ideal of
X, then the subset [A], 4 is an BG-ideal in X.

Proof:

*  Since A = (u,, v, is an intuitionistic multi-fuzzy ideal
in X, pa(0) = pa(x) = @

and v,(0) = v,(x) < B .

Then 0 € [A] . p

* Letx*ye[A].pandy € [Al.p
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Then p,(x *y) = o, vi(x *y) < B and
pA(Y), 2 &, Vi (y) < P

HA(X) = min { pa(x *y), pa(y) }
>min { o, ¢ } =

and v,(x) < max { V(X *y), vA(y) }
<min {p,p} =P

This implies that x € [A], p

* Letxe[A]l,pandye X

Choose y in X such that p,(y) = @, v.(y) < B
HAX*Y) > min { pa(x), pa(y) }

>min { o, ¢ } =

and v,(x*y) = max { vo(x), Vs(y) }

> max { B, B} =P

This implies that x * y € [A] p

Hence the subset [A], 5 is a BG-ideal in X.

Theorem 3.16: Let X be a BG-algebra . If the set [A], , is
a BG-ideal in X then an intuitionistic multi-fuzzy set A =
(Ka, V4) 1s an intuitionistic multi-fuzzy ideal in X .

Proof: Let [A], ;) be a BG-ideal in X.
Assume that A = (u,, v,) is not an intuitionistic
multi-fuzzy ideal in X.

Then there exists a, b € X such that p,(a) < min { p,(a*b),
pa(b) } and v,(a) > max { v,(a*b), v,(b) } hold.

Let o = [pa(a) + min {p,(a*b), ua(b)}1/2, B = [va(a) +
max{v,(a*b), v,(b)}]/2

Then p,(a) <e <min { p,(a*b), p(b) } and

va(@) > B >max{v,(a*b), va(b) }

This implies that a*b, b € [A] . but p,(a)< o and v,(a) >
p

That is, a & [A],, ; which is a contradiction that A] , s
a BG-ideal of X.

Therefore p,(X) = min { p,(X * y), pa(y) } and v, (x) < max
{va(x *y), vA(y) } Hence A = (u,, v,) is an intuitionistic
multi-fuzzy ideal in X.

Properties of Intuitionistic Multi-fuzzy Ideals under
Homomorphism: In this section, we study the properties
of intuitionistic multi-fuzzy ideals under homomorphism.

Theorem 4.1: Let f: X-Y is a BG-homomorphism of BG-
algebras. If B = (ug, vp) is an intuitionistic multi-fuzzy ideal
of Y then the pre-image f~'(B) = ( f'(ug), £'(vz) ) of B
under f'is an intuitionistic multi-fuzzy ideal in X.

Proof:
Forany x € X,
i) £ (1)) = 1)) = 15(0) = py(B0) = () (0)
And £'(vg)(x) = v5(f(x)) > v5(0) = v(f(0)) = £'(v3) (0)
i) £'(1s) (%) = pp(f(x))
> min { py( £x) * £y) ), pa(fy) }
= min { py(fx*y)), pa(fy)) }
min { £'(up)(x*y), F'(a)(y) }
vi(f(x))
< max { vy( fx) * f(y) ), vi(f(y)) }
= max { vy(fx*y)), vi(f(y)) }
= max { f'(ve)(x*y), f'(ve)(y) }

F1(va)(x)

Theorem 4.2: Let f: X -~ Y be an epimorphism of BG-
algebra. Then B = (i, vp) is an intuitionistic multi-fuzzy
ideal of Y, if f '(B) = ( f'(uy), f'(vg) ) of B under f is an
intuitionistic multi-fuzzy ideal in X.

Proof:

For any x € Y, there exists a € X such that f(a) = x. Then
wa(x) = pp(fl@)) = £'(1e)(@) < £'(1s)(0) = ps(f0)) = s(0) ve(x)
= vg(f(a)) = £'(vs)(a) = £'(v5)(0) = vy(f(0)) = v5(0) .

i) Letx,yeY

Then f(a) =xand f(b) =y for some a,b € X

H(x) = py(f(a))
= f'(up)(a)
> min { f' (uy(a*b)), £ (uy(b)) }
=min { py(fa*b)), us(fb)) }
=min { pg( f(a)*f(b) ), us(f(b)) }
=min { pa( x*y), up(y) }

vp(x) = vy(f(a))
= f'(vp)(a)

< max { ' (vy(a*b)), f" (vy(b)) }
=max { vy(f(a*b)), vu(f(b)) }
=max { vg( f(a)*f(b) ), vs(f(b)) }
=max { vg(X*y ), Vy(y) }

Hence the intuitionistic multi-fuzzy set B = (p, vg) is
an intuitionistic multi-fuzzy ideal of Y.
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