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Abstract: In this paper, we construct and study several new properties and characterizations for B
continuous mappings, B-open mappings and B-homeomorphism. The connections between these sorts of
non-continuous mappings and various kinds of mappings as almost — continuous sense of Signal and Signal
(a o.s), weakly continuous, thickening, almost — continuous sense of Signal and Signal (a. 0. s.) are
investigated. The concept of a & topological property, for example the property of being a topological
space be of the first category is one of R- topological properties, i.e. it is invariant under a [3-
homeomorphism.
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INTRODUCTION

A subset A of the space X is called a semi-open ( resp. aset , pre-open , [~open , regular open )
ACA ™ ( resp. ACA™, ACA™7 Ac A A= A7) Thecomplement of asemi-open set (
resp. a-set, pre-open, 3-set, regular open set), is called a semi-closed [1] ( resp. a closed , pre- closed , 13- closed,
regular closed ). The family of all semi -open (resp. a-set, pre-open, 3-open, regular open) sets of a space X will be
denoted by SO(X) (resp. a(X), PO(X), BO(X), RO(X)).

A mappingf: X ® Y iscaled semi-continuous (resp. a-continuous, pre-continuous and 3- continuous )
if theinverse image of every opensetin Y is semi-open ( resp. a-set, pre-open, 3- open) in X.

Theorem 1.1. Let f : X® Y be amapping, then the following statements are equivalent:

i) f is 3-continuous.

ii) For every x T X and every openset V 1 Y containing f(x), there exists a R-open set W1 X containing x
such that f(W) 1 V[2].

iii) The inverse image of each closed setinY isB-closedin X.

iv) (F(B))°°1 B), forevery B1 V.

V) F(A%°)1 (f (A)), forevery AT X.

Theorem 1.2. Let f: X ® Y be amapping, then the following statements are equivalent:

i) f is R-open.

ii) For every x T X and every neighborhood U of x, there exists a B-open set W 1 Y containing f(x) such
that Wi f(U).

iii) F1(B°°) 1 (F!(B)), forevery Bi Y.

iv) If fisbijective, then (F(A))°°1 f(A), for every A1 X.

A mapping f: X ® Y is said to be M-B-continuous , if the inverse image of each R-opensetinY is [
openin X. Also, fissaidtobe M-f3-open, if theimage of every R-open setin X isR-openin.

Two spaces X and Y are called 3-homeomorphic if there exists a bijective mapping. f : X ® Y such that f
is M -3-continuous and M -3-open. Such amapping is called a 3-homeomorphism[3].
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B-CONTINUOUS MAPPINGS

Theorem 2.1. A mapping f : X ® Y isR-continuous, iff f(E-) C (f(U)) ", for every openset U © X .

Proof. Let f be a Rcontinuous , then by Theorem 1.1.4 [10] , {U"" ") < (f(U))". Since L= X is
open, fUT")c (f(U))".
Conversdy, let V. = Y be an open st , W = Y — V and A = (F75(W))". Then ,
f{‘f-‘{‘“’{)f': C f({_f-‘{“’]):)' C (f(f“(“’)))' CW=W. SO {f-‘{“’)]:-: cf? (W).
Hence f *(W) isR-closedand fisR-continuoug4] .

Definition 2.1. A space X is called 3-compact if every 3-open cover of X has afinite subcover.

Definition 2. 2. A space X which has the property Any open cover of X has afinite subfamily, the closure
of whose members cover the space. Equivalently, any open cover of X has afinite proximate subcover, any open
cover of X hasafinite AU — property and any open cover of X has a finite subfamily whose union is dense in Xis
called H(i) space by C.T. Scarbourough and
A.H. Stone, almost compact space by M.k. Singal and Asha Rani, generalized absolutely closed by Chen Tung Liu
and quasi H-closed (Q H C) by J. Porter and J. Thomas .

Now , we introduce the following theorem .

Theorem 2.2. If f: X ® Y is a [&continuous surjection from a [>compact space X onto a space Y and
(f7* (V)™ < £7%(V),forevery opensetV < Y , then Y isalmost compact .

Proof. Let z be an open covering of Y. Then {f-'(V) :V E z}lis a Ropen mver of X . Since X is &

compact , so there exists afinite subfamily { V1, ... ,Vi} of z such that X
= UL, f71(V) € UL, (F (V)™ c UL, (f-I{V;]) = f~1(UL,V,). Since f is surjective ,

fX)=Y = U?=| ?; . Therefore, Y isamost compact[5] .

Remark 2.1. R-continuity does not preserve, in general , connectedness, asis illustrated by the following
example.

Example2.1. Let X =Y ={ 0, 1} and the topology on X is indiscrete and on Y is discrete . Then the
identity mapping i: X ® Y is R-continuous surjection and X is connected , but i(X) =Y isnot connected .

Now we give the following theorem:

Theorem 2. 3. If f: X ® Y be a [3continuous surjection from a connected space X onto a space Y and
(F73(V))™" < £7*(V) for every openset V <Y, then Y is connected,

Proof. Assume that Y is not connected, then there exist two open subsets Viand \, of Y, such that
ViV V, = Y and Vi V, = @ Thus V; and V, are both open and closed . By hypothesis |,
(V) c (f"{?;]] i = {1,2} . Since f is R—continuous ,
FH V) c (FY V)T e (V)= £7Y(V) so, (FTHV)) T =£7(V) foreach i={12}.
Hence(f (V) "~ U (F1(V2))™ = X and (F (V) " 0 (F(V2)) ™ = 0

and this shows that X is not connected . Therefore Y is connected if X isconnected .

Remark 2. 2. Also, Example 2.1. illustrates that the condition (f~*(V))™*" & f~*(V') for every open
set V =Y isthe above theorem is necessary [6].
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Definition 2. 3. A mapping f : X ® Y isamost continuous in the sense (briefly,a.c.s.) of Singal and Signal
(resp. g-continuous , weakly continuous) if for each x € X and each open set openset V. = Y containing f(x),

there exists an open set U = X containing x such that f(U) = ?I (resp. f(E) cV, f(u) = E) .
The following diagram gives the connections between these types of mapping .
Continuity ® (a.c.s) ® g-continuity ® weak continuity.
The converse of these implications are not true, in general .
The following examplesillustrates that al most-continuity and 3-continuity are independent.

Example 2. 2. Let f: X ® Y be an injection from an excluding point topological space X with excluding
point p into aparticular point topological space with particular point f(p) , thenf is a.c.s, but not 3-continuous .

Example 2.3. Let f: X ® Y be an injection from a particular point topological space X with particular
point p into excluding point topological space Y with excluding point f(p), then f is [3-continuous and is not a.c.s
[7-10].

Now, since ac.s ® g-continuity ® weak continuity then the above examples show that g-continuity or weak
continuity may not be R-continuity. See also, the following example.

Example2.4. Letf: R® R beamapping onthereal line R given by
f(x) = { x  ifxis rational,
' -X if x is irrational .

Itisclear that f is 3-continuous, but not weak continuous and , again , this shows that 3-continuity may not be  g-
continuity or a.c.s.

Theorem 2. 4. . A pre-open mapping which is weakly continuous is pre-continuous .

Proof. See.

Now, the following theorem gives the connection between 3-continuity and weak continuity.

Theorem 2.5. A pre-open weakly continuous mapping is 3-continuous.

proof. It isobvious.

Corollary 2.1. A pre-open, a.c.s. mapping is 3-continuous[11-14].
B-OPEN MAPPINGS.

Theorem 3.1. An injective mapping f: X ® Y isR-open if and only if f~* {on c (f7*(B))", for each
opensetB =Y,

Proof. Let f be R-open, injective , then by Theorem 1.3., £ *(B*™*) = (£ *(B))". Since B Y is open
, SO f"{Eo) < (f7*(B))” Conversdly , let V = X bean open st , W = X —V and B = (f(W))" . Then
ST EW) ) € (FHE(W))))™ < (FHf(W)))" = W =W . Hence, (F(W* ™)) c f(W) ,ie,
f(W)is 3-closed and so, f is 3-open .

Definition 3.1. A mapping f : X ® Y is called thickening. [14], if for every open set U = X , f (U) is
everywhere dense .
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Now, it is clear that thickening implies 3-openness, but the converse may be false as the following example
illustrates.

Example 3.1. Let X = {a, b, ¢} with topology Tx ={X , @ ,{a} ,{ab}} ,andY ={1,2, 3, 4} with
Ty ={Y, @ {1} ,{2} {1, 2}} Then the mapping f : X ® Y defined by f(a) =2, f(b) =4 and f(c) = 1, is R-open
but not thickening .

Definition 3.2. A mapping f: X ® Y is caled aimost open in the sense of Singal and Signal, (briefly, a.0.9)
if the image of each regularly open set is open.

The following theorem investigates the rel ationship between a.0.s, and 3-open mappings.
Theorem 3.2. A pre-continuous and a.0.s mapping is [3-open.

Proof. Let A = X be open set , then A is regular open and f(E-) isopenin Y. Since f is pre-continuous,

then by Theorem 1.1. [8], f(A) € f(A )= (f(A )" = (f(A))* = (F(A)) = (f(A))™". Therefore, f is &
open.

Lemma3.1lnaspace X , G N Ac (GNA)™, forevery A< X, and G isan open subset of X .

Theorem 3.3.Letf: X ® Y be amapping and foreachS< Y | let fs : f“(S) ® S be the mapping which
agreeswith f on f1 (9). If fisR-openand Sisopen and closed in Y, then fs is 3-open.

Proof. If U is an open subset of f " (S) , then there is an open  subset V of X suchthat U=V N f75(s),
and therefore fs(U) = f(v) N s = (f(V))7" nsS=((f(V))" NnS)"™ . Now by the above lemma ,
snfv) € (SN(V))™™, so 91 f(V)isRopeninY. Since Sisopen, then S f(V) is R-openisSand this
that fsisf3-open .

B-HOMEOMORPHISM.
The following lemmais very useful in the sequal.

Lemmad.l. If f: X ® Y isopen, then
f1(A) c (f1(a))".

Proof. Lee A © Y , W =Y —A , then f7*(W) © X . Since f is open , f(f™* (w))" <
7 w)  © W so(f T w))T < £ W) which implies (F (Y —A))" < 71 ((Y — A)").
ThusX —f 1 (A) © F 3y —A) =x-f"*(A). Therefore, f*(A) cf1(A).

Now we give the following theorem.

Theorem 4.1. If f: X ® Y iscontinuous and open, then f is M -3-continuous .

Proof. If AER(y) , then £ 3(a) © F YA )= (fHA)) < (FHA)) = (FYA) ™"
Hencef ~*(A) isR-open subset of X and sof isM-R-continuous .

Theorem 4.2. If f : X ® Y isR-continuous andf ~*(V) < (£~*(V')) “for each B-open set VE Y . Then f
isM - B-continuous.
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__Proof. Let_ \% E [3(y)_. Since f _is 3-continuous, then f-3 V) =
fAV )=V e (V)T = (V)T e (FH (V)T = (FH(V)) ™. Hence

f isM-3-continuous.
Theorem 4.3. The bicontinuousimage of a 3-open set of a space X is[3-open .

Proof. Consider f : X ® Y is continuous and open mapping . Let A € R(X) , then A © A" and
s0 f(A) CfA )T (A )™ S@EA)) ™ < (F(A)) ™. Therefore, f(A) € R(Y).

Definition 4.1. A mapping f : X ® Y which is M-R-continuous and M -R-openiscalled bi-M-R-continuous.
Considering the above definition, we give the following theorem.

Theorem 4.4. If f: X ® Y is continuous and open, then f is a bi-M-3-continuous .
Proof. See Theorem 4.1, and 4.3.

Corollary 4.1. Each homeomorphism is a [3-homeomorphism.
Proof. It follows directly from Theorem 4.4.

The following example shows that the converse of the above corollary may be not true .

Example 41. Let X = Y = {a b, ¢} with two topologies k ={ X, @ , {a , {a b}} , and

Ty ={Y, @ {&a , {a b} , {a c}}. Then the identity mapping i : X ® Y is a Rhomeomorphism, but not
homeomorphism .

The following exampleillustrates that continuity or M - B-continuity need not be open.

Example 4.2. Let X = {a, b, ¢}, and consider the topologies T* = {X , @ , {a} ,{a b}} , T={X, @ {a} ,
{a, b} ,{act}onX . ltisclearthat3(X ,T)=R(X,T*).Letf: (X, T)® (X,T*) betheidentity mapping, then f
is continuous and M - B-continuous, but not open .
B-TOPOLOGICAL PROPERTIES.

Definition 5.1. A property, which is preserved under a thomeomorphism is called a [3-topological
property.

Theorem 5.1. A 3-topological property isatopological property.
Proof. Thisresult follows directly, since by Corollary 4.1. , every homeomorphism is 3-homeomorphism .

Now, it is clear from Example 4.1. that T3, T4, Ts , semi-regular, regular, completely regular, normal,
completely normal and compact fail to be 3-topological properties.

Furthermore, the following example showsthat Tq, T1, T» and T'» are not B-topological properties.

Example5.1. Let X be the countable set with two topologies: t; , the countable discrete topology , and t, ,
the indiscrete topology . Then theidentity mapping i: (X ,t1) ® (X, t,) isalR-homeomorphism, since every subset
of (X ,t,) isR-openandalso, every subsetin (X, t,) is3-open. But theindiscrete space (X , to) isnotaTg, (Ty,
T2, T2)-space .

Lemmab.1. [9]. If f : X ® Y isal3-homeomorphism , then

i) R-cl(f(A)) = f(R-cl(A)) , for every A = X ..
i) B-int(f(A)) = f(B-int(A)) , foreach A & X .
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Now we give the following theorem .

Theorem 5.2. If' f : X ® Y is aR-homeomorphism , and A= X is nowhere dense , then f(A) is nowhere
densein .

Proof. Since A isnowhere densein X , then by Theorem, B-int(B3- cI(A)) = @ . Thus, by Lemma5.1.,
B-int(R- cl(f(A))) = B- int(f(B- cl(A))) = f(R-int(B-cl(A))) = f() = D .
Therefore, f(A) isnowhere denseinY .

We see from the above theorem that nowhere dense is a B-topol ogical property.

Theorem 5.3. The property that atopological space be of thefirst category is a3-topological property .

Proof. Consider f : X ® Y is a B-homeomorphism . Let X be of the first category , then X = Uf:l A,
where A; is nowhere dense for eachi € 1 . Thus, Y = f (U= A, )= U=, f(A,) . Since A, is nowhere dense for
eachi € |, then By Theorem 5.2. , f(A) is nowhere dense for each i € | and therefore Y is of the first category .

Corollary 5.1. The property that atopological space be of the second category is a3-topological property.
Theorem 5.4. 3-homeomorphism is an equival ence relation between topological spaces.

Proof. Reflexivity and symmetry are immediate and transitivity follows from the fact that the composition
of two M -R3-continuous (M -3-open) mapping is M -R-continuous (M -3-open) mapping.

3-topological classes. If X is aset of points T(X) denote the collection of all topological spaces, which ,
have X astheir set of points. Now, we give the following , definition .

Definition 5.2. If X isaset of pointsand if (X , t) and (X, t*) aretwo elements of T(X) , then (X , t) is [3-
correspondent to (X , t*) if and only if B(X ,t) =R (X , t*).

Now , we introduce the following theorem .

Theorem 5.5. 3-correspondent is an equivalence relation on the collection T(X).
Proof. (i) Clearly (X, t) is 3-correspondent to itself for any topology t on X.

(ii) Symmetry follows from symmetry of set equality.

(iii) Transitivity follows from transitivity of set equality.

Thusthe collection T(X) of topological spacesis partitioned into equivalent classes.

CONCLUSION

The connections between these sorts of non-continuous mappings and various kinds of mappings as almost —
continuous sense of Signal and Signal (a. o. s.), weakly continuous, thickening, almost — continuous sense of Signal
and Signal (a 0. s.) are investigated. The concept of a 3- topological property, for example the property of being a
topological space be of thefirst category is one of 3- topological properties.
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